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UNITED STATES AIR FORCE
AIR UNIVERSITY
HEADQUARTERS
AIR COMMAND AND STAFF SCHOOL

MAXWELL AIR FORCE BASE, ALABAMA

6 August 1953

TO WHOM IT MAY CONCERNs

This is to certify that Lieutenant Bisuddhi Riddhagni,
Royal Thai Air Force, has been awarded the Air University Insignia
by the United States Air Force in recognition of his graduation

from the Squadron Officer Course of the @Air Command and Staff Schoole

USSELL V. RI
Colonel, USAF
Director, General Courses
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SIKORSKY AIRCRAFT

DIVISION OF UNITED AIRCRAFT CORPORATION

BRIDGEPORT I, CONNECTICUT

October 18, 1954

To Whom it May Concern:

Blsuddhl Riddhagni has received 19:25 hrs. of dual time
and 3:05 hrs. of solo time during flight training in the
Sikorsky S-55 Model helicopter. He showed satlisfactory
proficliency for solo flight but it is recommended that

he recelve additional time before becoming operational,

L]

D. D, Viner
Chief Test Pilot

DDV ¢hmm



DEPARTMENT OF METALLURGY

Room 8-106
MASSACHUSETTS INSTITUTE OF TECHNOLOGY
CAMBRIDGE, MASSACHUSETTS 02139

June 2, 1966

TO WHOM IT MAY CONCERN

B. RIDDHAGNI is an attentive, courteous and conscientious
student. He attended the Metallurgy Department's Junior
Thermodynamics course, which I helped teach, and gained an

A grade.

Yours faithfully,

©) Fey

D. J. Fray
Assistant Professor of
Metallurgy

DJF :bw
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Air @raining Tommand

Be it known that

1ST LT BISUDDHI RIDDHAGNI
(THAILAND ATIR FRCE)

has satisfactorily completed the prescribed course of instruction of the Air
Training Command specializing in

ATRCRAFT MATNTENANCE CFFICER

In testimony whereof and by virtue of vested authority we do confer upon

him this

CERTIFICATE OF PROFICIENCY

Given at CHANUTE AF BASE, ILLINOIS
on this EIGHTH day of JULY

in the year of our Lord one thousand nine hundred and FIFTY-TWO

SECRETARY COMMANDANT

$0-47-TC/Beott AFS, U1./13 Jas $0/10M
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END
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DIFFERENTIAL CALCULUS

222. Introductory Remarks

The source of differential calculus lies in two problems:

(1) finding the tangent to an arbitrary line (Sec. 225),

(2) finding the velocity, given an arbitrary law of motion
(Sec. 223).

Both problems led to one and the same computational
roblem which lies at the heart of differential calculus.
‘l)'he problem is that of finding, on the basis of a given func-
tion f(¢), a certain function f’(¢) (which later became known
as the derivative) representing the rate of change of the func-
tion f(¢) with respect to the variation of the argument
(a precise definition of a derivative is given in Sec. 224).

It was in this general form that fhe problem was posed
by Newton and, in similar form, by Leibniz in the 70s and
80s of the seventeenth century. But even during the preced-
ing half century, Fermat, Pascal and other scholars had
actually given rules for finding the derivatives of many
functions.

Newton and Leibniz brought this development to its cul-
mination. They introduced the general concepts of derivative 1)
and differential 2 and also the symbols which greatly simpli-
fied computations. They refined the apparatus of differential
calculus and applied it to the solution of numerous problems
in geometry and mechanics. It was only in the 19th century
that the whole system was placed on a rigorously logical
basis (see Sec. 191).

223. Velocity 3

In order to determine the velocity of a train, we note
the point at which it is located at time ¢{=¢, and then at
time £=1¢,. Let these be the distances s=s, and s=s,. The
incrernent (Sec. 217a) in distance As=s,—s, is divided by

!) Newton used the term “fluxion” The term <“derivative” was
introduced at the end of the 18th century by Arbogast.

®) The term “differential” (from the Latin differentiu) was given
by Leibniz.

3) This section introduces Sec. 224
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the increment in the time Af=t¢3—¢,. The quotient

& )

yields the average velocity of the train for the interval (¢,, ¢,)
In the case of nonuniform motion, the average velocity does
not describe the rate of motion at time ¢=1¢; with sufficient
exactitude. But the smaller A¢, the more exact is this speed.
For this reason, the speed at time t=t, is the limit to which

the ratio 52—: tends as At — 0:
. As
o=, 5 @

Example. Free fall of a body. We have
1
s=7 e’ &)
Since ty=t¢;+ At, it follows that

1 1
As=sy—s; = g (t;+ Af)2— = gt}

Hence
1
v= lim 2
Al » 0 Al

g (fy+ Al - gt?
)

Having computed the limit, we find

v=gt, )

The notation ¢, is introduced to bring out the constancy
of ¢t when computing the limit. Since ¢, is an arbitrary value
?f tim]e, the subscript 1 can best be dropped; then from the
ormula

v=gt (53)

it is evident that the velocity v (like the distance s) is a
function of the time. The form of the function v depends
completely on the form of the function s, so that the function
s generates (“derives”, as it were) the function v. Hence the
name, the “derivative function”.
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224. The Derlvative Defined 1’

Let y=Ff (x) be a continuous funclion (of the argument x)
defined in the interval (a, b) and let x be some point of this
interval. We give to the argument x an increment Ax (posi-
tive or negative). The function y=f (x) will receive the
increment Ay, equal to

Ay=f (x+Ax)—f (x) (1)
If Ax is infinitesimal, then Ay is also infinitesimal (Sec. 219).
The limit to which the ratio % tends as Ax—0, i.e.
lim [&x+ax)-F )
Ax—0 Ax @)

is itself a function of the argument x (cf. Sec. 223). This
function is called the derivative of the function f(x) and is
denoted by f’ (x) or y’.

Briefly, a derivative function is the limit » to which tends
the ratio of an infinitesimal increment in the function to a
corresponding infinitesimal increment in the argument.

Note. In the process of finding the limit (2), the quantity
x is regarded as a constant.

Example 1. Find the value of the derivative of the func-
tion y=x2 for x=7.

Solution. For x=7 we have y=72=49. Give to the ar-
gument x an increment Ax. The argument becomes equal to
7+ Ax, and the function becomes (7-4-Ax)>2.

The increment Ay of the function is

Ay=(7+ Ax)2— 72 = 14Ax | Ax?
The ratio of this increment to the increment Ax is

Ay 14Ax+Ax?

A ax 4t Ax

Now find the limit to which -2—2' tends as Ax —O0:
lim 3Y_— lim (144 Ax)= 14
Ax — o AX Ax-o( +4%)

The desired value of the derivative is 14.

1) It is advisable to read Sec. 223 first.
) For cases when the limit does not exist, see Sec. 231.
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Example 2. Find the derivative of the function y=x2
(for an arbitrary value of x). Give to the argument an incre-
ment Ax. The argument becomes x4 Ax. The increment Ay

of the function is (x+Ax)2—x2—=2x Ax-+ Ax2. The ratio
Ay (x+Ax)2—x?

1, is equal to N =2x-+ Ax. The derivative function
is the limit of this ratio as Ax —>0:
y'= lim 2= lim (2x+Ax)=2«
Ax -0 Ax—>0

The sought-for derivative y’=2x. For x=7 we get y’'=14
(cf. Example 1).

Example 3. Find the derivative of the function y=sinx
(the argument is expressed in radian measure).

Solution. Give to the argument an increment Ax. The
increment of the function is

Ay=sin (x + Ax)—sin x=2 cos (x+‘—&2f> -sin%f
. Ay .
The ratio 22 is
Ax
2cos(x+ A-x>-sinézc- 2siné—x-
2 2 — cos (x—}-g) 2
Ax - 2 Ax

The limit of this ratio as Ax— 0 (Secs. 213, '215) is
equal to

Ax
. Au . Ax . 25‘""2—
lim — = lim cos (x—}——-) lim =COS X
Ax>0B%  Ax-o 2/ Ax+0 Ax

Hence, y’'=cos x.

225. Tangent Line

The tangent line to the curve L at the point M (Fig. 224)
is the straight line T'MT with which the secant line MM’
tends to coincidence ¥ when the point M’, always on L, tends
to M (either from the right or from the left).

Note. From Fig. 225 it is evident that the tangent can
have, besides the point of tangency, points common to the
curve and the tangent.

1) The expression “tends to coincidence” means that the acute
angle between the fixed straight line 7’MT and the rotating line MM’
tends to zero.
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[f the curve L is the graph of-a function y=/{(x), then
the slope of the tangent is equal to the value of the deri-
vative function at the correspo

(L), nding point.V

NEDZAN

" M NSNT

Fig. 224 Fig. 225

This is clear from Fig. 226. The slope k& of the secant

line is k::—%“—:—_:ég. If M’ tends to M then k has as a limit
Q Ax A
the slope m of the tangent. Hence, m= lim Ké' i.e.
Ax -+ 0
(Sec. 224) m=f' (x)
Y
AY L)
1
,—(%r "
M T4y :
M Az 1@ I —
] . o1 /L1 X
0 P A P X

Fig. 226 Fig. 227

Example 1. Find the slope and the equation of the tan-
gent to the parabola y=ux? at the point M (1, 1) (Fig. 227)

Solution. We have y’=2x (Sec. 224, Example 2). For
x=1 we get y’=2. The desired slope of the tangent m=2.
The equation of the tangent will be y—Il=m((x—1),
i e. y=2x—1.

1) If the graph has no tangent, the function f (x) has no derivative,
and vice versa.
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Example 2. Find the equation of the tangent to the curve
y==sin x (sine curve, Fig. 228) at the point O (0, 0).
Solution. We have y' =cosx

(Sec. 224, Example 3). For x=0 frooor

we get y'==1. The equation of

the tangent is y—=x. -
Note that the sine curve lies 0 Y

on both sides of the tangent line Z

T'OT.
Example 3. The slope of the Fig. 228

straight line y=ax-+b (it is equal

‘o a) is the derivative of the function y=ax-+4b (the

tangent to a straight line is the line itself).

226. The Derlvatives of Some Elementary Functions

1. The derivative of a constant quantity is equal to zero
(a)) =0 (H)

Physical meaning (Sec. 223): the velocity of a fixed
point is zero.
Geometrical meaning: the slope of the straight line y—a
AY (UV in Fig. 229) is zero (cf. Sec. 225,
Example 3).
Note. For some values of x a fun-

v Ea v ction can have a zero derivative with-
L—=  out being a constant. Thus, the de-
X rivative (sin x)’=cos x (Sec. 224, Exam-
ple 3) is zero for x::% JX=— —‘;’—J-' , etc.

But if the derivative f’(x) is identically zero, then the
function f (x) must definitely be constant (Sec. 265, Theorem 1).

2 The derivative of an independent variable is unity:
(x)'=1 (2)

Geometrical meaning: the slope of the straight line y=x
is equal to unity

Physical meaning: if the distance covered by a body is
numerically equal to the time spent in motion, then the velo-
city is numerically equal to unity.

3. The derivative of the linear function y=ax-+4b is the
constant quantity a-

0
Fig. 229

(ax+b)' =a 3)
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4. The derivative of a power function is equal to the pro-
duct of the exponent by the power function with exponent
decreased by one

(x7) =nxn~) 4)

Examples.
(1) (*¥)'=2x.
(2) (x3)' =3x2.

3) (V'x')'=(x’l.)'=-;-x ‘i’= '

(4) (,'vclT)'=(x'2)'=— 2x=3 —=— .f_J.

2217. Properties of a Derivative

1. A constant factor may be taken outside the sign of
the derivative:

laf (x)]' =af’ (x)

Examples.
(1) (3x2)’ =3 (x2)’' =3.2x=6x.

o (&) =5 (&) =5 (~3) =12
® (VI =VIVi=-=L

2. The derivative of an algebraic sum of some fixed num-
beli'of functions is equal to the algebraic sum of their deri-
vatives:

[F2 (0)+Fa (0) — ts () =F1 () 4 F2 (1) — f5 (x)
Examples.
(4) (0.3x2—2x40.8)" = (0.3x2)' — (2x)’ + (0.8)' =0.6x —2

(the derivative of the last term is zero; Sec. 226, Item 1).

5) (jT_e V;)'=(§)'_e(;/;y=_i__37
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228. The Differential

Definition. Let the increment (Sec. 217a) in the function
y="F (x) be split up into a sum of two terms:

Ay=AAx+a (1)

where A is not dependent on Ax (i. e. is constant for a given
value of the argument x) and a is of higher order (Sec. 217)
than Ax (as Ax — 0).

Then the first (“principal”) term, which is proportional
to Ax, is called the differential of the function f(x) and is
denoted by dy or df (x).

Example 1. Take the function y=x3. Then?

Ay=3x% Ax+ (3x Ax? 4 Ax3) (2)

Here, the coefficient A=3x2 is not dependent on Ax, so
that the first term is proportional to Ax; the other term,
a=3x Ax2 -4 Ax® however is of higher (second) order with res-
pect to Ax. Hence, the term 3x2Ax is the differential of the
function x3

dy=3x*Ax or d(x3)=3x%Ax (3)

Theorem 1. The coefficient A is equal to the derivative
[’ (x); in other words, the differential of a function is equal
to the product of the derivative by’ the increment in the
argument:

dy=y' Ax 4)
or
df (x)=F" (x) Ax (4a)

Example 2. In Example | we found that d (x8)=3x2Ax.
The coefficient 3x2 is the derivative of the function x3.

Example 3. If y=— l , then y’ ——— (Sec. 226, Item 4).
Therefore dy=— é,i.
Let us verify this. We have Ay———l——-l———é—x—— 1f we

(x+Ax) x x(x+Ax)°

split up this expression into two terms, the first being —A— , then the
x?

1) The notation Ax? is the same as (Ax)? (parentheses are dropped).
If it is necessary to indicate the increment of the function x2?, then
we write A (x2).

10—1538
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Ax?

x? (x+Ax)
with respect to Ax. 1)

Theorem 2. If the derivative is not equal to zero, then
the differential of the function and its increment are equi-
valent (as Ax — 0); if the derivative is zero (the differential
is then also zero), they are not equivalent.

Example 4. If y=ux*?, then Ay—2x Ax 4 Ax? and dy=2x Ax.
For x=3 the quantities Ay—=6Ax+ Ax? and dy=6Ax are
equivalent, for x=0 the quantities Ay=Ax? and dy=0 are
not equivalent.

The equivalence of the differential and the increment is
frequently employed in approximate calculations (as a rule,
it is easier to compute a differential than a derivative).

Example 5. We have a metal cube with edge x=10.00 cm.
When heated, the edge increased by Ax=0.01 cm. How much
did the volume V of the cube increase?

Solution. We have V=x3 so that dV=3x2Ax=
= 3-102.0.01 =3 (cm3). The increase in the volume AV is
equivalent to the differential dV so that AV =~ 3 cm3. The
total computation would have yielded AV=10.013—10% =
= 3.003001. But in this result ai,l the digits, except the first,
are unreliable and so we have to round off to 3 cm3 in any case.

Other examples of the employment of a differential in

approximate computations are given in Sec. 243 (Example 4)
and Sec. 248.

second will be The latter term is of higher (second) order

229. The Mechanical Interpretation
of a Differential

Let s={f (¢) be the distance of a rectilinearly moving point
from its initial position (¢ is the time in transit). The incre-
ment As is the distance covered by the point during the
time interval A¢, while the differential ds=f' () At (Sec. 228,
Theorem 1) is the distance the point would have covered
during time At if it had maintained the speed ' (f) reached
at time ¢. For an infinitesimal At¢ the imagined distance ds
differs from the true distance As by an infinitesimal of order
higher than At. If the velocity at time ¢ is not equal to zero,
then ds yields an approximation of the small displacement
of the point (cf. Sec. 228, Theorem 2).

1) it is assumed that xs%=0 (for x=0 the function %itself is
not deﬁned).

9
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230. The Geometrical Interpretation
of a Differential

Let curve L (Fig. 230) be the graph of a function y="F (x).

Then
Ax=MQ, Ay=QM’

The tangent line MN divides the segment Ay into two
parts QN and NM’. The former is proportional to Ax and is
equal to QN=MQ-tan / QMN =
= Axf’ (x) (see Sec. 225), i.e. QN yy
is the differential dy.

The latler part NM’ yields the
difference Ay—dy; it is of higher
order with respect to Ax. In the gi-
ven case, when f’(x) 0 (the tan-
gent line is not parallelsto the
x-axis), the segments QM’ and QN o’
are equivaient (Sec. 228, Theorem 2). 0
In other words, NM’ is also of
higher order with respect to Ay= Fig. 230
QM'’. This is evident from the figure
(as M’ approaches M, the segment NM’ comprises an ever
smaller portion of the line segment QM’).

Thus, the differential of a function is graphically depicted
as the increment in the ordinate of the tangent line.

231. Difterentiable Functions

A continuous function which (at a given point) has a diffe-
rential is called differentiable at that point.

A discontinuous function cannot have either a derivative
or a differential at a point of discontinuity (the graph does
not have a tangent line; see Fig. 214 on page 264 and
Fig. 219 on page 279).

A function which is continuous at some point may not
have a diflerential at that point. Below we consider three
characteristic cases.

Case 1, The function y=f (x) has an infinite derivative at the given
point, i. e.

lim é“!=+cx>
Ax-~0 Ax
or
Ay
lim —Z=-®
Ax—-0 Ax

1q*
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(thus, Ay is of lower order than Ax) The graph has a vertical tan-
.gent line.
Notation (by convention):
[ (x)=x

Example 1. The function [ (x)= 'E/x (Fig. 231) is not differenti-
able at the point x=0. The quantity

| Ay ?/0+Ax—- ?/6
Ax Ax

0 1 X
has an infinite limit +0 as Ax-—0.
At the point x=0 the tangent line

coincides with the y-axis.
Fig. 231 Nole I. A function which at a given
point has a finite derivative is differen-
tiable. Conversely, a differentiable function has a finite derivative.

Case 2, The ratio %‘—/- has no limit as Ax - 0 (i. e. the function

y=f (x) has no derivative), but it has a right-hand limit (as Ax -»+0,
Sec. 219a) and a left-hand limit (as Ax »—0) The former is called a
right-hand derivative and is denoted by f (x+'0) and the second is
called a left-hand derivative and is denoted by [’ (x-0).

Y

Fig. 232 Fig. 233

At the point of interest (M in Fig. 232) the graph has no tangent
line, but it has a right-hand tangent line MT, and a left-hand tangent
line MT,; that is, the secant line M M’ tends to coincidence with M T,
when M’ tends to M from the right, and with MT, when M’ tends
to M from the left.

Example 2. The function f(x)=1-|1~- x| (Fig. 233) is not diffe-
rentiable at the point x=1. The line K’MK has no tangent line at the
point M (1, 1). The right-hand derivative f' (1+0)=-1, the left-hand
derivative ' (1-0)=1.

Case 3. The function y=f (x) has no left-hand or right-hand deri-
vative (or has neither) The graph does not have a corresponding
one-sided tangent.

Example 3. The function given by the formula f (x)=xsin -%— (Fig.234)

and redefined as [ (0)=0 (the expression sin % is meaningless for x=0>



12 DIFFERENTIAL CALCULUS

is continuous at the point x=0. However, when M’ tends to O from
the right (or the left), the secant line OM’ oscillates between the straight
lines UV (y=x) and U’V’ (y=-x) and does not tend to either straight

L. AY

Qi -

line. The graph, al point O, has neither right-hand nor left-hand tangent
line, and the function f (x) "has neither right-hand nor left-hand deri-
vative.

Note 2. One can even think up continuous functions that have no
derivative at any point at all.1) Hence, the existence of a derivative
does not follow logically from the continuity of a function. This was
first pointed out by the great Russian mathematician N. [. Loba-
chevsky.2)

1) We can neither construct nor even imagine a curve graphically
depicting such a function, for our conception of a curve involves an
abstraction from the properties of real objects and it is intimately
bound up with the concept of direction. Even in Example 3, the “line”

y=xsin IT is devoid of direction at the point x=0. Here, however

our imagination is aided by the fact that the graph has a defirite
direction in any neighbourhood of point O.

?2) Nikolai Ivanovich Lobachevsky (1792-1856) created non-E ucli-
dean geometry and made valuable contributions to algebra and analysis.
He was also a prominent public figure, and an outstanding teacher
who did much in the sphere of education. His whole life and work are
closely bound up with Kazan University from which he graduated and
at which he was professor and rector.
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232. The Differentials of Some Elementary Functlons

1. The differential of a constant is zero:

da=0 (1)

9. The differential of an independent variable is equal to
its increment:

dx = Ax ()

3. Generally, the differential of a linear function is equal
to its increment:

d (ax+b)=A (ax+b)=a Ax (3)

With respect to the other functions, the differential and
increment are not equal. (They differ by a quantity of higher
order of smallness with respect to Ax; Sec. 228.)

4. The differential of a power function x? is equal to
nxn—1 Ax |cf. (4), Sec. 233|:

dx" =nx"~-1 Ax 4)

233. Propertles of a Differential

1. A constant factor may be taken outside the sign of the

differential:
dfaf () =adf (¥ (1)

9 The differential of an algebraic sum of a fixed number
of functions is equal to the algebraic sum of their differentials:

d[fy @)+ f2 0 — [ )] =dfy () +dfe () —dfs (x) ()

3. The differential of a function is equal to the product
of the derivative by the differential of the argument:

df (x) =" (x) dx 3)
This follows from Sec. 228 (Theorem 1) and Sec. 232, Item 2
In particular (cf. Sec. 232, Item 4),

d (x") =nx"~1dx 4

234. The Invarlance of the Expression f' (x) dx

The expression [’ (x)Ax represents (Sec. 228, Theorem 1)
the differential df (x) when x is regarded as the argument.
But if the quantity x itself is regarded as a function of some
argument ¢, then the expression [’ (x) Ax, as a rule, does nof
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represent the differential (see Example 1 below); the only
exception is the case of a linear relation: x=at+}b.
On the contrary, formula (3), Sec. 233,

df (x)=F' (x) dx (1

is true both when x is the argument (then dx=Ax) and when
x is a function of ¢ (see Example 2 below).

This property of the expression f’ (x) dx is called its inva-
riance.

Example 1. The expression 2x Ax is the differential of the
function y=x? when x is the argument.

Now put
x=13 (2)
and we will consider ¢ as the argument. Then
y=x2=tt 3)
From (2) we find
Ax =2t At+ At? 4)
Hence
2x Ax =212 (2t At 4 At?) (5)

This expression is not proportional to At and therefore
now 2x Ax is not a differential. The differential of the function
y is found from (3):

dy = 413 At (6)

Comparing (5) and &6) we see that 2x Ax and dy differ by the quan-
tity 222 Af2, which is of second order with respect to Af.

Example 2. The expression 2xdx is the differential of the
function y=x? for any argument t. For example, let x=13.

Then
dx =2t At

2x dx=21%.2t At =413 At
Comparing with (6), we see that
dy=2xdx

Hence

236. Expressing a Derlvative In Terms
of Differentials

The derivative of a function g with respect to the argument x
is equal to the ratio of the differential of the variable y to
the differential of the variable x:

l—dy
yt"dx
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The subscript x on the symbol y’ emphasizes the fact that
when we are seeking the derivative, the argument is x. The
differentials dy and dx may be taken with respect to any argu-
ment (see Sec. 234).

An extremely convenient notation for a derivative is often

the expression —Zi— and similar expressions: q%x—)(the deriva-
tive of the function f (x) with respect to x), o (1) (the deriva-

dt
d(3x*+2x+1)

tive of the function ¢ (/) with respect to ¢), — —
= 6x+2 and so forth. |

The following conventional notations are also employed:
E‘;—f(x), d—d;(§x2+2x+l) and so forth, which are particularly

convenient when taking the derivative of a complicated ex-
pression.

238. The Function of a Function (Composite Function)

A quantity y is called a function of a function (composite
function) if it is regarded as the function of some (auxiliary)
variable u, which in turn depends on an argument «x:

y=Ffw), uv=¢ () (1)
In this way, y is a function of x, and this may be written as
y="Flg ()] (2)

If f(u) and @ (x) are continuous functions, then the fun-
ction f[@ (x)] is also continuous.

Example. If y=u3 and u=1+x2, then y is a composite
function of x, and we write

y=(1+x??

237. The Differential of a Composite Function

Finding the differential of a composite function does not
require any special rules (due to the invariance of the expres-
sion [’ (x) dx, Sec. 234).

Example 1. Find the differential of the function y= (1 -+ x2)3,

Solution. Regarding y as a composite function (y=us3,
u=1+4x2), we have

dy-=3u?du, du=2xdx
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Whence
dy=3 (1 +x%)2-2x dx = (6x + 12x3 - 6x5) dx
The same result is obtained directly:
dy=d (1 +3x% 4 3x* + x8) = (6x 4 12x3 -} 6x°) dx

Note. In actual practice, no special designation is intro-
duced for the auxiliary variable . In Example 1, the pro-
cedure is:

d(14+x2)3=3(14+x22.d (1 +x2)=3 (1l +x%)22xdx

Example 2. Find d V a® —x2
Solution.

1 1
AV @F—xf=d(@—x)® = (@*—x?) *d(@—x?)=

____xdx
Var— x?

238. The Derivative of a Composite Function

The derivative of a function of a function is equal to the
derivative of the function with respect to the auxiliary
variable multiplied by the derivative of the auxiliary vari-
able with respect to the argument:

dy _dy d_u
dx — du dx (1)

Example 1. Find the derivative of the function
y=V a?—x?
(with respect to the argument x).

Putting
1
y=—=u 3 ’ u=a2‘—"x2
we have
dy 1 "2 1 du __
du™ 2 S Vaew o X
By formula (1) we get

dy____ ! oy X
dx 9 Vai_x2 (—20= Yai—x3
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Note. When using the notation (Va’—x’)'. beginners f{requently

make the following mistake. Knowing that (V 72)':2 l;— , they write
x

the result as ———L—— and forget to multiply by (a®-x2)’=-2x. The
2 Vat—xt

error is due to imperfect notation (it is not seen with respect to what

variable the derivative is taken) Therefore, it is advisable at the

beginning to write as follows:

d . j—— i d i
—_— Vet = (@) —————
dx O Yy ama x T aa

When sufficient skill has been developed, the intermediate transforma-
tion is done mentally.

The best safeguard against mistakes is a preliminary computation

of the differential d ¥V a?—x2. Obtaining (Sec. 237, Example 2) —;—xﬁ;
at—-x
we take the coefficient of dx (i. e. we divide by dx) and find for the

derivative the expression ol

(=2x)

al_ x?

Example 2. Find the derivative of the functicn y=sin? 2x.
Solution. Here we have a chain of three relations:

y=—u?, u=sinv, v=2x

By analogy with (1) we have %:% : % - :—;%. Taking into
account that %%:d Zi: ®—cosv (Sec. 224, Example 3), we find

d . .
a%:?u-cos v-2=4sin 2x-cos 2x=2 sin 4x
To avoid mistakes, it is best to proceed as follows:
dsin? 2x=2 sin 2x-d sin 2x=2 sin 2x cos 2x.d (2x)=4 sin2x.cos 2x.dx
Dividing by dx we obtain
d sin? 2x

= 4 sin 2x cos 2x
dx

239. Differentiation of a Product

Rule. The differential of a product of two functions is

equal to the sum of the products of each of the functions by
the differential of the other:

d (uv)=udv+vdu (1)
For three factors we have
d (uwvw) =vw-du +uw-dv+4 uv-dw (2)

and similarly for a greater number of factors.



18 DIFFERENTIAL CALCULUS

The derivative of a product is computed by the same
rule (the word “differential” is both times replaced by the
word “derivative”):

(uv) =uv' +ou’ (a)
(uvw)’ =vwu’ 4- uwv’ 4 uvw’ (2a)
Example 1. Find the differential and the derivative of
the function (2x2+4-3x) (x3—2).
Solution.
d[(2x243x) (x3 — 2)] = (2x2+3x) d (x® — 2) +(x* — 2) d (2x2+-3x) =
= (2x2 4 3x) 3x2 dx + (x3—2) (4x+3) dx=
= (10x8 4 1243 —8x—6) dx

The coefficient 10x4 4 12x3—8x—6 is the derivative. By
formula (1a) we would have found

[(@x2 4 3x) (¥ —2))' = (2x2 + 3x) (3 —2)' -+ (x3—2) (2x? 4 Bx)’

and so forth.
Example 2.

.1 .1 .1
d (xsm —) =xd sin—4-sin—-dx=
X X X

1 ! ! "‘°°S'}F !
=X COS —x—d (—;) +sin—- dx=———x—,-— dx—|—sm—x-dx=

1 1 |
_(_T cos —x——l—sm—;-) dx
Whence
d . | | | . 1
d—x(xsm —x—)__—x- cos — +sin— (3)
Note. 1t is assumed that xs=0. For x=0 the function xsln—!- is

x
not defined. But even if it is redefined (Sec. 231, Example 3), it is
not differentiable for x=0 Eas x—0, the derivative (3) does not tend
to any limit; see Fig 234

240. Differentiation of a Quotient (Fraction)

Rule. The differential of a fraction is equal to the pro-
duct of the denominator by the differential of the numerator
minus the product of the numerator by the differential of
the denominator, the whole expression divided by the deno-
minator squared:

vdu—uav
73 (1)

u
d—=
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The same rule holds for the derivative of a fraction (the
word “differential” is replaced in each case by the word

“derivative”)
u vu’ - uv
(&) sz (la)
, , s __2x+1

Example 1. Find vy’ if y=G1

We have
(2 +1)2x+ 1) =(2x+ 1) (x2+1) (x2+1)2-(2x+1) 2x

= 12 = (+1)°
i. e.

s 2(=-x2—-x+1)
¥ ="s+1)

Example 2. Find d}/--:-g- :

First consider the given expression as a composite func-
. - 1+
tion (y=Vu; u=l—_;):

d.‘/—l+x _Ll/l—x dl+x___l_‘/-l-x (1 —x) dx+ (1 +x) dx
T-x 2 T+x “T-x_ 2 T+x (1-x)°

Simplifying, we get
dl/1+x _ dx
I-x (1-x) Vi-x?

241. Inverse Function

If from the relation y=/f(x) there follows the relation
x= (y), then the function ¢ (y) is called an inverse function
of f(x).

Example 1. The inverse of the function y=x? is the
(double-valued) function x= +Vy.

Example 2. The inverse of the function y=sinx is the
(infinitely multiple-valued) function x=arcsiny (defined for
all values of y less than unity in absolute value).

Note. As a rule, an inverse function is multiple-valued.” The
multiple-valuedness can be avoided if we narrow the range of

variation of the argument of the initial function. For instance, in
Example 1 we can eliminate the negative values of the argument x

and then the inverse function x=+V y will be single-valued.

1) The only exceptions are those cases when the value of the
direct function, as the argument increases, either constantly inereases
or constantly decreases (such functions are termed monotonic). '
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[f the earlier notations of the variables are retained, the
graph of the function y=/f(x) also serves as the graph of
the inverse function x= @ (y).

Ordinarily, however, the notations of the variables change
roles and the argument of the inverse function is denoted
by x, like the argument of the
direct function.

Fig. 238 Fig. 236

Example 3. The inverse (single-valued) function of y= x2
is y=7 x; the inverse function of y=2* is the function
y=log, x.

In this notation, the graphs of the initial and inverse
functions are symmetric with respect to the straight line
y=ux (Fig. 235).

The derivative of an inverse function. The derivative of
an inverse function is equal to unity divided by the deriva-
tive of the original function: v’

dx . dy
@=l P (1)

Example 4. Let us consider the function y = x2 for positive

values of x. The inverse function (Fig. 236) is x=Vy. We
have

1) If the derivative %—i vanishes, then formula‘(1) may be under-

stood in the sense that the inverse function has an infinite derivative

at the point in question, i.e. lim -Af.-.ao (see Sec. 231, Case 1; cf.

Ay -0 AY
Sec. 213, Note 2).
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242, Natural Logarithms

The formula for differentiating a logarithmic function
(Sec. 243) is of the most elementary form when the base is
the number

: 1\ %
e= lim (1+ v) ~2.71828
(Sec. 214). The logarithm is then called natural and is de-
noted by In.V "

In order to transform a natural logarithm to a logarithm
to any base a, multiply it by the modulus for changing from
natural logarithms to the other system of logarithms (equal
to log, e):

log, x=loggzelnx (1)

Conversely, to change from a logarithm to the base a to
the natural fogarithms, multiply it by Ina (i.e. by log, a): 2
Inx=Inalog, x 2

Mnemonic rule: ertlx:f the formula (1) in complete form, we get
logg x=log,eloge x. Discard the log signs and form fractions of the re-
maining letters -ax- . —:— . 'ei: then the first is the product of the last

two. The same holds for formula (2).

The modulus for changing from natural to common loga-
rithms is denoted by M:

" M=log e=0.43429 (3)

(it is easy to remember the first four digits: M=0.4343).
Formutas (1) and (2) take the form ¥

logx=M In x, (4)
Inx= ﬁl- log x (5)

1) The initial letters of the Latin words logarithmus naturalis.
The number e is irrational; more, it is transcendental, that is to say,
it cannot be the root of any algebraic equation with rational coeffi-
cients. Also transcendental are the natural logarithms of all integers,
and also the common logarithms of all integers (except 1, 10, 100,
1000, etc.). The transcendence of the number e was proved in 1871
by the French mathematician Hermite, the transcendence of the loga-
rithms was proved by the Soviet mathematician A. Gelfond in 1934.

2 The quantities logg ¢ and log, a are reciprocal (logge-logsa=1).
8) To avoid confusion as to when to multiply by M and when by

'jld- , remember that the common logarithm of any number is less than
the natural logarithm (for example, In 10 = 2.3, while log 10=1).
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where ,
27 =1n 10 = 2.3026 (6)
For multiplication by M and MI— there are special tables
(p. 843).

Example 1. Find In 100.

Using formula (5) we get Inx ~ 2.3026-2 ~ 4.605.

Example 2. Compute €3 using tables of common logarithms.

We have log (e3)=3 log e=3M =1.3029, whence €3 = 20.09.

One can also use the table of natural logarithms
(pp. 839-842). We have In(e3)=3; it is necessary to inter-
polate to find four decimals of the number 3.

Example 3. The common logarithm of some number is
0.5041; find its natural logarithm.

We have

Inx=-: logx ~ 2.303-0.5041 ~ 1.161

This product may be found with the aid of the table on
p. 843; namely,

1
F-O.SO ~ 1.1513
|
1—W—~0.0041 ~ 0.0094

1
ﬁ-0.5041 ~ 1.161

243. Differentlation of a Logarithmic Function

The differential and derivative of a natural logarithm
(Sec. 242) are expressed by the formulas

dlIn x=£’-‘-, (1)

b 4

d |
-d—xln x=—x' (2)

If the base of the logarithm is an arbitrary number,

then 1

dlog, x=1log, eff- , 3)

d 1
-5 10gg x=logg e-— 4)

1 Formula (3) may be obtained from (1) by taking into account
(1), Sec. 242.
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In particular, for the common logarithms
d log x =M (3a)

X 1

d |
alogx=M--;— (4a)

Here, M ~ 0.4343 is the modulus for changing from natural
logarithms to common-logarithms (Sec. 242).
Example 1.

d 1 d a
dx In (ax+b)=ax+b ) E;(ax_‘—b): ax+b

Example 2.

1+x dx dx 2dx
din Z=dIn(l+)—dIn (=)= +15=1—p

Example 3. Find the value of the derivative of logx for
x=100.

Formula (4a) yields (log x)’ =22 ~ 2230 ~ 0.0043

Example 4. Find log 101 without using tables.
The increment A logx is approximately equal to the

lifferential dlog x= M AY  For x=100 and Ax=1 we obtain

\ log x = 242020 0.0043. Hence,

log 101 =log 100+ A log 100 = 2+-0.0043 =2.0043

which coincides with the tabular value.

244. Logarlithmic Differentiation

When differentiating expressions which are in a form
convenient for taking logarithms, the latter operation may
be performed first.

Example 1. Differentiate the function y=xe~**

(1) Taking logs to the base e, we get

Iny=Inx—x? (1)
(2) Now differentiate both sides of (1):

£i—y--—fii—2xdx

—

Y x
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(3) Substituting for y the expression xe—*%, we get

dy = xe—** (%—-—2x) dx=—e~** (] —2x?) dx

Example 2. Differentiate the function y=ux.
Take the following steps,
(1) Iny=xInx,

(2) —i—:x (Inx)+Inx=1+Inx,
B) ¥=y (1+Inx)=x%(1+In x)
Example 3. Differentiate the function

_.l/l+x
=V ==

(cf. Sec. 240, Example 2).

(1) In y=% In (1 +x)——il,- In (1 —x),

1
l=x" 1~—x%°

1 +x i 1
3 ’=‘/ . ——
©) v l=x I-x*" (1 VT-x

Example 4. Differentiate the function

y 1 1 1
@ S =51=+75

_ (x+1)2
y= (x+2)? (x+3)*

(1) Iny=21In(x+1)—3In (x+2)—4 In (x+3),

y __2 3 __ 4
(2) y  x+1 x+2 x+3°

r (x+1)? 2 3 4N _ .
©) v T (x+2)% (x+3)* (x+l x+2 x+3)—

_ (x+1) (5x*+14x+5)

T T G+ )t (x+ 38

The foregoing method is called logarithmic differentiation,

and the derivative of the logarithm of the function y=f (x),

vy __F(x
y f (x)

(Iny)' =

is called the logarithmic derivative of the function [ (x).
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245. Differentlating an Exponentlal Function

The differential and derivative of the exponential func-

tion e* [where e= lim l—}-%)xz 2.71828] are expres-

X - ®
sed by the formulas?

de* = eXdx, -:7 eX =e* (1)

(the derivative of the function e*¥ is equal to the function
itself). For an arbitrary base a we have

da* = a* In a dx, :—xax=ax Ina (2)
In particular,
1 d 1
d 10*¥ = 10x M dx, Ir 10¥ = le-M— (28)

Here. -5'4- =1n 10 ~ 2.3026.

Example 1.
d d
Tz (63%) =e3% - (3x) = 3e3¥
Example 2.
d(xe=**)=xde=**tLe~**dx=xe~**d (— x%) +e-**dx =
=e~*% (1 —2x2) dx

Example 3.
de‘—e"‘= (et+e=t)d (et—e—t)~(ef—e—t) d (ef+e—t)
el+e—t (et+e—1t)2
__(et+e~b)i—(el—e—i)s dt = 4dt
(et +e—t)? (et+e—¢)2
Example 4.

d7t =7t n 7d () =2¢ 7t* In 7 dt

1) Formulas (1) and (2) may be obtained by logarithmic differen-
tiation (Sec. 244) or by regarding the exponential function as the in-
verse of the logarithmic function (Sec. 241).
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246. Differentlating Trigenometric Functions 1)

Differentials Derivatives
, d .
[. dsin x=cos xdx, gz sin x=cos x,
) d )
I1. d cos x===sin x dx, Ty €08 ¥ =—sinyx,
dx d 1
[II. dtanx= o’ o tanx=——,
dx d |
IV. dCOtx——m, acotx——m

These formulas should be memorized. The following two need
not be:

V. dsec x=tan x-sec x dx, ﬁsecx:tan x-secx,
VI. d cosec x= — cot x-cosec x dx, d% cosec x=— cot x-cosec x
Example 1.
dsin 2x=cos 2x d (2x) =2 cos 2x dx
Example 2.
-dfx— In V sin 2% = — :—x In sin 2":2—31:1—5 : ;—xsin 2x=cot 2x
Example 3.
&% In tan o= o a% tan = cot @ co:, === sin22<p
Example 4.
d

in x
— Sinx__—_ sin x X S_—
=X X (cosxlnx—l— , )

This is obtained by logarithmic differentiation (Sec. 244).
Putting y=xsinx, we find Iny=sinxlnx, whence
1 d sin x

_y..zzy:_cosxlnx—l——-x— .

1) For the derivation of formula (I) see Sec. 224, Example 3; for-
mula 11 is derived in similar fashion. Formulas III and IV are deri-
ved by means o the relations

sin x ccs x
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247. Olfferentiating Inverse Trigonometric

Functions !

Differentials Derivatives
. dx d . 1
I. darcsinx=——, — arcsin X = ——,
Vi-x? dx V1i-x?
dx d 1
II. darccos x=— ——. — arccos x—= —
Vl -x2 dx ]/l__xz !
dx d 1
[11. darctanx_--—l-+—£;-, Harctan X=—5>
dx d 1
IV. darccot x=———+5+ gx arccot x= — 757
These formulas should be memorized. The following two need
not be:
dx d 1
V. darcsec x=-———, 2 aresec x =—=———
xVxi-1 dx x V-1 ’
dx d |
V1. darcese x= — ————— — arcesc x= — ——
Vyiol ' dx xVxi-l
Example 1.
P4
d <—(—1—> d
. X X
d arcsin -a-_]/ 1 — = (1)
(=)
Example 2.
(v) _
x a adx
darctan —= - e (2)
(3)
Example 3.
d 3x+5 a /3x+5 3x+5\2
a—arctan 5 E;( 5 );[1+< 5 )]__
_ 3 4 . 6
"9 9x2+30x+29 ~ 9x2+30x+29
Example 4.
d arccos —= > -l/ ( ) —
4x- 1 I— 4x-1
_ 34dx, V(4x-1)= _ 6dx
(4x-1)* 7 |4x-'i | 4x—1 |V ixT= 2x-2

1) Formulas 1-V1 are derived irom the corresponding formulas

Sec. 246 (see Sec. 241).

ol
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. 3
is only defined for I yy , < 1.

Note. The function arccos 2
4x-1

i.e. either for x > 1 or for x <——;-. It is not defined in the interval

(—-;—. l). If one formally substitutes some unsuitable value (say,

x=0) in the expression of the differential, it will turn out to be ima-
ginary.

247a. Some Instructive Examples

The examples given below serve to illuminate some of the more
subtle questions that arise in the differentiation f inverse trigono-
metric functions.

Example 1.

, I 1 1Y\ _ dx
darctanT-—T-d(-;)_-w

b

The expression obtained coincides with the differential of the
function arccot x. However, the following equality holds only for po-
sitive x:

1
arctan T-arccot x (1)
For negative x we have!)

1
arctan 7-arccot X=-n 2

!) Formula (2) may be readily verified for the point x=-~1 for
which we have

. 3n | n
arccot x_.-4—. arctan <~ 7

On the other hand, for negative values of x the difference arctan L-

1427  1+x2

x < 0 is equal to zero (see Sec. 226, Item 1). Consequently, formula
(2) holds true for all negative values of x; putting x=+1 and reaso-
ning in the same way, we are convinced that formula (1) Nolds true

for all positive values of x. For x=0, the function arctan —i— is not

—arccot x Is constant because its derivative ( ! ! ) for all

defined and, hence, does not have a derivative. That is why one can-
not assert that the function arctan —l--arccotx is constant over the
entire number Iline (cf. Sec. 265, Theorem 1).
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For x=0 the function arctan -;— (Fig. 237) is discontinuous (its

2
2

hence, it is not differentiable, whereas the function arccot x (Fig. 238)
is continuous and its derivative for x=0 is =1. The right branch of

the graph y=arctan—:- coincides with the right half of the graph

limit from the left is —-;i , from the right + ; cf. Sec. 218 and,

Y
“AY --_-‘._’.‘A...- ..... --
%
-+ - e s e = e - - -
-
Fig. 237 Fig. 238

y=arccot x, while the left branch coincides with the left half of the
dashed line in Fig. 238 (this yields the nonprincipal value of the
multiple-valued function y=arccot x).

Example 2.

ﬁ-arctanl+x--i 1+x\ 1+ 1+x\ 27 _
dx l-x_dx(l-x>' (l—x) -
2 (1-x)2 _ 1
T(1=x)" (1=-x)*+(1+x)*" 1+x?
This expressiop coincides with the derivative of the function
arctan x.

For x < 1, this function is connected with the given one by the
relation v

1+x T
arctan ;— =arctan x+— (3)

(Fig. 239) and for x > 1, by the relation
l1+x 3n
arctan T——=arctan x- —= (4)

1+

For x=1, the function arctan .

i has a discontinuity AB=mx, and
does not have a derivative.

Example 3.
-d— arcsin (sin x)= -——l—— -isln x__co_s_f_
dx T Viosintx dx “|cos x|

1) The proof is the same as in the preceding footnote of this
section.
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This derivative is equal to +1 when cosx > 0, and to =1 when
cos x < 0. For x=(2n+l)-g— . when cos x=0, the derivative does not
exist.

Note. In the interval —-g- € x <L %— we have arcsin (sin x)=x, in

the interval% <x<L %’—t we have arcsin (sin x)=x-x, in the interval

Fig. 239 Fig. 240

3—2’-!<x< %’—t we have arcsin (sin x)=x-2x and so forth (Fig. 240).
Therefore, inside the first interval the derivative is equal to 1, inside
the second one, to -1, etc. At the points J\¢=(2k+l)-—321 the deriva-

tive has a discontinuity; at each of these points we have one-sided
derivatives (cf. Sec. 231, Example 2).

248. The Differential
in Approximate Calculations

It often happens that a function f(x) and its derivative
f’ (x) may be readily calculated for x=a, but not for values
of x close to a (here, direct camputation of the function is
difficult). Then use is made of the approximate formula

fl@+h) =f(@+F (@h (1)

It states that the increment f(a+h)—f(a) of the function
f (x) for small values of 4 is approximately equall to the
differential f’ (a) A (cf. Sec. 228, Theorem 2).

Below ? c. 260) a method is indicated for evaluating the
error 2 of formula (1), but the evaluation often involves cu-
mbersome computation. For rough calculations, one often
confines oneself to formula (1).

1) If f’ (a)=0, then formula (1) states that the increment in the
function is small compared to h; then, for sufficiently small values of
h we can take it that f(a+h)=f(a).

3) See also Sec. 271, Note.
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Example 1. Extract the square root of 3654.

Solution. It is necessary to find the value of the function
f(x)=V x for x=23654. It is easy to compute the values of

f(x) and [’ (x)= .V for x=3600 Formula (1), for a=3600
X

—— 1
and h=>54, yields 1/ 3654 = 60 + 555 -54 = 60.45. Here, all
the digits are correct.
Example 2. Find 1021
Solution. Put f(x)=10¥ so that (Sec. 245)f' (x)=

= 10x(-]:7 ~ 2.3026) For a=2, h=>0.1, formula (1) gives
1021 ~ 1004 -100-0.1 ~ 123.0

This result is rather rough (to within the fourth significant
digit, 102.! =125.9).

If we compute 10201 (now hA=0.01) in the same fashion,
we get 102.3. All the digits are correct.

Example 3. Without using tables, find the value of tan 46°.

Solution. Put f(x)=tanx, a=45°, h=1°=0.0175 radian;
then we have f’ (a)=&)-§2—14—§ =2. Hence, tan46°=<1+42X
% 0.0175=1.0350.

Only the last digit is incorrect; from the tables we find
tan 46° = 1.0355.

It is worth noting the following approximate formulas®
(e is an infinitesimal):

1 1 ) ‘
'l——_;a'z | —a, m%l—‘l—a, (2)
1 1 .
“+a)zzl—2a. Ty ~ 14 2a; 3)
1 1
Vita=l+5a, Vi—axl—5a 4)
1 1 1 1
— x| ——=aqa, —~ 4+
Vita 2 & Vi-a Ty ©)
?/l+azl+—;-a, ?/l—azl—--;—a: (6)

1) Formulas (2)-(6) are special cases of the formula (1 +a)?=1+na,
which is obtained from (1) by putting f (x)=x", a=1, h=c.



32 DIFFERENTIAL CALCULUS

In(1+a)=xa, In(l—a) * —a; (7)
e~ 1da, 10¢ = 14— (8)
sina = a, CoOs @ = 1—% a2, tanaxa (9)

249, Using the Differential
to Estimate Errors -In Formulas

Data obtained in measurements contain errors due to inac-
curacies in the measuring instruments. The positive number
which definitely exceeds the error in absolute value (or, at
worst, is equal to this error) is called the limiting absolute
error or, simply, the limiting error. The ratio of the limi-
ting error to the absolute value of the quantity being measu-
red is called the limiting relative error.

Example 1. The length of a pencil is measured with a
ruler having millimetre divisions. The measurement yields
17.9 cm. The error is not known but it is definitely less than
0.1 em. Therefore we can take 0.1 cm for the limiting error.

The limiting relative error is equal to #— Rounding this

7.9°
up we get 0.6%.

Finding the limiting error. Suppose a function y is com-
puted from an exact formula y={(x), but the value of x is
obtained by measurement and therefore contains an error,
Then the limiting absolute error | Ay | of the function is found
from the formula

Ay = |dy| = | [ ()] Ax| (1)

wnere |Ax| is the limiting error of the argument. The quan-
tity | Ay| is rounded up (because of the inaccuracy of the
formula itself).

Example 2. The side of a square is measured and found
to be 46 m. The limiting error is equal to 0.1 m. Find the
limiting error for the area of the square.

Solution. We have y=x2 (where x is the side of the squ-
are and y is the area). Whence |Ay|= 2|x||Ax]. In our
example, x==46 and | Ax|=0.1. Hence.| Ay | =~ 2-46:0.1=9.9.
The limiting absolute error is rounded off to 10 m2. The 1j-
miting relative error is equal to Ti'g_z ~ 0.5%.
The limiting relative error IM—‘ may also be found by
means of logarithmic differentiation (Sec. 244) by using the
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formula
A
|22| ~1d1ny] @
In particular, for y-_-x"(then dIn y="xﬁ> we have
A0 | & | ax
| y | )

that is, the limiting relative error of the power x” is equal
to the n-fold limiting relative error of the argument.

Example 3. Under the hypotheses of Example 2, the

limiting relative error of the area is equal to 2-2—('5—1 ~ 0.5%.

Example 4. Measuring the edge of a cube yields x=12.4 cm.
The limiting error is 0.05 cm. What is the limiting relative
error for the volume of the cube?

Solution. The limiting relative error for x is equal to

0.05

Wi 0.004; for x3 it is equal to 3-0.004=0.012.

Rule 1. The limiting relative error of a product of two
or several factors is equal to the sum of the limiting relative
errors of the factors.

Rule 2. The limiting relative error of a fraction is equal
to the sum of the limiting relative errors of the numerator
and denominator.

These rules follow from Secs. 239, 240. 1

Example 5. In seeking the specific weight of a body, we
have found its weight p=20 g and the weight of the water
it displaces, v=40 g. The limiting absolute error for p is
0.5 g, for v it is | g. Determine the limiting relative error
for the specific weight.

Solution. The specific weight y is equal to -z— . We have

Ay | _|Ap 05, 1 __
TI=15+ % = +m=00s

Example 6. The altitude # and radius of the base r of a
cylinder have been measured to within 19%. Find the limiting
relative error (1) for the lateral surface S and (2) for the
volume V of the cylinder.

Ao
(4

1) The formula d In _vu_=£iu£—£iv£ yields the limiting relative error
L‘-i—u + d_g and not ‘Q—@\becausethequantitiesﬂ andq—v- can
u u v u v
ave different signs.
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Solution. We have S=2nrh. The factor 2n is an exact
AS

number; its error is zero. The relative error for S is I—s-

%l+l%’-’|=2% and for V=mnr2h it is equal 1o 2‘A7' +

R

—

260. Differentiation of Implicit Functions

Let an equation relating x and y and satisfied by the values
x=x, and y=y, define y as an implicit function of x. To

find the derivative % at the point x=x,, y=y, there is no

n}(]aedf to ieek the explifcﬁit expression of
the function. It is sufficient to equate AY
the differentials of both sides of the /(/.)
equation and from the equality "obtai- C
ned to find the ratio dy:dx. Mz>
Note. An equation connecting x
and y can define y as a multiple-va- M,
lued function F (x) of x. But specifying
a pair of values x=x, and y=y, My p
isolates one of the many values of
the function.
Geometrically, a straight line pa- 0 | —x
rallel to OY (Fig 241) can intersect
the curve L at several points My, M, Fig. 241
M,, ..., but specification of the point
M, isolates the arc AM¢B (that passes through it) which
is a single-valued function.
Example 1. Find the derivative of the implicit function
given by the equation x2--y2=25 at the point x=4, y=—3.

First method. Solving the equation we get y=—V25—x?
(we choose the minus sign because for x=4 we must have
y=—3). Now we get

dy X 4

" Vis-x¢ 3
Second method. Equating the differentials of the right and
left sides, we obtain
2x dx +2y dy=0
whence
dy____x_ 42 (1)

We have found the slope of the tangent line MT to the



HIGHER MATHEMATICS 35

circle x?-4+y2=25 (Fig. 242) at the point M, (4, —3). The
slope of the radius OM, is ——::—. The product of the slo-
pes is equal to —1, i.e OM, | M,T.

Example 2. Find the derivative % of the implicit function

given by the equation

2 y2
st =] (@)
Differentiating, we find
2xdx | 2ydy __
=0
whence ,
dy_ b
dx—  aty )

Equation (2) is an ellipsez. By virtue ot (3) the slope of the tan-
gent line MT (Fig. 243) is —Z—i% The slope of the diameter MM’

Fig. 242 Fig. 243

2
is -;":- The product of the slopes is equal to -fz_’ Hence, (Sec. 55),

the directions MT and MM’ are conjugcate, that is to say the diame-
ter MM’ bisects the chords parallel to MT.
The diameters of hyperbolas and parabolas possess the same pro-

perty

251. Parametric Representation of a Curve

Any variable quantity ¢ defining the position of a point
on a curve is called a parameter.®. In mechanics, time is
most often taken as the parameter.

1) Eq. (2) defines y as a double-valued function of x, but insofar
as the values of both variables will be known, one of the two values
of the function is taken (cf. Example 1).

) The term “parameter” is used in yet another sense to denote a
quantity which for a given curve is invariable but changes when mo-
ving from one curve of a given type to another. For example, the
quantity p in the equation of the parabola y?=2px is constant for
the given parabola but changes when we pass to another parabola.
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The coordinates of a point lying on a curve L are fun-
ctions of the parameter:

x=[(t), (1)
y=@ () @

Eqs. (1) and (2) are called the parametric equations of
the curve L (cf. Sec. 152).

If it is desired to find an equation relating the coordi-
nates x, y of curve L, one has to eliminate ¢ from Egs. (1)
and (2) (see Examples | and 2).

It may happen, however, that the equation obtained after elimi-
nating { represents a curve which the curve L covers only in part
(see Example 3)

Example 1. Let O (Fig. 244) be the highest position of
a material particle thrown at an angle to the horizon, and
let ¢ be the time reckoned from the instant of highest eleva-
tion. The position of the point M on
the trajectory AOB is determined by
the quantity ¢ so that ¢ is the parame-
ter. The parametric equations of the
trajectory referred to the XOY system
are

X== 0P=vot, (3)

y=PM=— —gt* )

Fig. 244

They state that the point M is
in uniform motion with velocity v, in
the horizontal direction and in uniform accelerated motion
(g is the acceleration of gravity) in the vertical direction

Eliminating ¢ we get the equation

y=— -1 ©)

202
which shows that the motion is along a parabola.

Example 2. The position of a point M on a circle ABA’B’
of radius R (Fig. 245) is determined by the magnitude of
the angle =/ AOM so that @ is the parameter. Setting -
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up axes -as shown in Fig. 245, we have the parametric equa-
tions of the circle:

x= R cos @, (6)
y=R sin ¢ (7)
In order to eliminate ¢, square (6) and (7) and add:
x*+y?=R? )
\g
fr A A B
e

Y

I 0
Fig. 245 Fig. 246

Example 3. Consider a curve given by the parametric equations
x=VT, y=-—;-t 9)

Eliminating ¢, we get the equation y=—12- x? which describes a para-

bola AOB (Fig. 246). The curve (9) is half of this parabola (OB) cor-
responding to positive values of x.

252. Parametric Representation of a Function

Let there be given two functions of the argument ¢:
x=f@), y=0@ (1)

Then one of them, say y, is a function of the other.l’ The
representation of this function with the aid of equalities (1)
is called parametric, the auxiliary quantily ¢ being called
the parameter.

In order to obtain an explicit expression of y as a fun-
ction of x, one has to solve the equation x=f (¢) for ¢ (this
is not always possible) and substitute the expression found
into the equation y=¢ (?)

1) As a rule, it is multivalued even when f (f) and ¢ (f) are sing-
le-valued.
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On the contrary, it is often more convenient to pass from
nonparametric representation to parametric. Utilizing the
arbitrariness of choice of one of the functions f (¢), ¢ (¢), we
attempt to ensure single-valuedness and, if possible, simpli-
city of both functions.

The derivative % is expressed in terms of the parameter

t by the formula

dy _do()__ o' ()
dx—dr () F @) @)

In a parametric representation, both variables x and y are
on equal terms (cf. Sec. 251).
Example 1. Given two functions:

x=Rcost, y=Rsint (3)

They specify y parametrically as a double-valued fun-
ction of x (and conversely). From the first equation we find

cos t=£— so that sint= 4 "/ l—% . Substituting into the
second equation, we get

y=1+ V RT—x? (4)

This is the equation of a circle (cf. Sec. 251, Example 2).

The parameter ¢ is the angle XOM (see Fig. 245). The de-

rivative ‘i—’i expressed in terms of the parameter ¢ is

ﬂ/__d (Rsint)
dx— d (Rcost)

This is the slope of the tangent line MT.
Example 2. The equation

—cot ¢ 6))

StE=1 ©)
describes an ellipse and specifies a double-valued function
y=+= -Z— V a?—x2. To represent it parametrically, one can
arbitrarily express one of the variables, say x, as a function
of ¢. Putting ==cos ¢, we find =4 sint. The sign may

be chosen at will. Let us take the plus sign. We obtain the
parametric representation

x=acost, y=bsint (7)
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The geometrical meaning of the parameter ¢ is evident
from Fig. 247 where ANA’ is a circle of radius a and N is
a point taken on the same vertical line as point M of the

v ellipse on the same side! of the
axis AA’. We have{ =/ AON. The
derivative% is expressed in terms

B / I of ¢t by the formula
A 0 P Jax dy _dtbsing) _ 5 ooty

This is the slope of the tangent
line MT.

Fig. 247 Note. The ordinary specification of a

tunction y=f (x) may be regarded as

a special case of the parametric representation; namely, it may be
written in the form

x=t y=l
253. The Cyclold

The cycloid is a curve described by a point M on the
circumference of a circle rolling (without sliding) along a
straight line (directrix or base line) The rolling circle is
called the generatrix.

Fig 248

In Fig. 248, the directrix is OX; the generating circle is
given in two positions: in the “initial” (ODB) when M tou-
ches the directrix and in an “intermediate” position (NVME).

Note. The expression “rolls without sliding™ means that
the point of tangency N is at a distance from the initial
position O equal to the arc NM:

ON=NM (1)

1) If we take :z—=-sint, then N must be taken on the other
side.
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Parametric equations of the cycloid. If the -coordinate axes
are as indicated in Fig. 248 and if we take for the para-
meter the angle =/ MCN, we get the following parametric
equations V of the cycloid:

x=a (t—sin ¢), (2)
y=a(l—cos ) 3)
where a is the radius of the generating circle.
If (3) is solved for ¢ and substituted into (2) we get x as an in-
finitely multiple-valued function of y:
x= 2akm + (a arccosg%!--Vﬂ—(fa_—'j/T) 4)

where & is any integer. %)

The ordinate y is a single-valued, but not an elementary,
function of x (see Fig. 248).
The slope & of the tangent line is

dy _ asint
dx~ a(l-cost) (©)

and the slope &’ of the straight line NM is

,=y"yN =a(l—c?sl) 6)
X=xp —asin{

Hence, kk’= —1, i.e. MT | MN. Consequently, to construct
a tangent line to the cycloid it is sufficient to join M to
the highest point of the generating circle (angle NME is a
right angle: the angle in a semicircle is a right angle).

254. The Equation of a Tangent Line
to a Plane Curve

Let MT (Fig. 249) be a tangent line to the curve L at
the point M (x, y). Denote the running coordinates of the
point N lying on the tangent line by X, Y.

1) The value of the angle ¢ can be positive or negative and can
have any absolute value: for 0<t<% Egs. (2)-(3) are easily read
from Fig. 248:

x=0P=ON-PN=NM-MQ=at-asint,
y=PM=NC-QC=a-acost

t) In Fig. 248, the points M, M,, etc. are associated with the
plus sign in front of the parentheses, the points M;, M,, etc., with
the minus sign.

111538
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For any representation of the curve L (explicit, implicit
or parametric) the equation of the tangent line may be writ-
ten in the following symmetric form:

X-x Y-y
dx ~— dy (1)

If the curve L is given by the equation y=f(x), then
from (1) we obtain !

Y—y={" (x) (X—x) )
If the curve L is given parametrically, we get
X—-x Y-y
xl = yl (3)

where x’, y' are derivatives with respect to the parameter.
In an implicit representation of the curve L we equate
the differentials of both sides of the
Y equation (cf. Sec. 250) and in the
& equality obtained replace dx, dy by
T the proportionate quantities X—ux,

M Y-—y.

' Example 1. Find the equation of
_  the tangent line to the parabola y=
0 X  =x2—3x+2 at the point (0, 2).

We have y'=2x—3=—3. By (2)
Flg. 249 the desired equation is Y —2=—3X.

Example 2. Find the equation of the tangent line to the
ellipse

x=5V2 cost, y=3V2sint 4)

at the point M (—5, 3) (cf. Sec. 252, Example 2).

Solution. To the given point there corresponds the value
t=—3:—t-. From (4) we have

x=—5V 2 sint=—54 =3V 2 cost=—3
According to (3), the equation of the tangent line is
X+5__Y-3

-5 -3

1) It is assumed that the derivative f’ (x) at the point M is finite.
However, if f’ (x)=® (Sec. 231, Case 1), then in place of (2) we have
the equation

X=-x=0
(the tangent line is parallel to the axis of ordinates).
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i. e
3X —5Y +30=0
Example 3. Find the equation of the tangent line to the
equilateral hyperbola xy—=m? at the point (%, 2m ).

Solution. Equating the differentials of both sides of the
equation, we obtain
xdy+ydx=0

Replacing dx, dy by the quantities X—x, Y —y, we get
xY—y+yX—x)=0 ()
Since xy=m?, it follows that (5) may be rewritten as
xY 4 yX =2m?  (6)
Substituting x=—"2'-, y=2m into (5) or into (6), we obtain
Y44X=4m

254a. Tangent Linos to Quadric Curves

Equation of curve Equation of tangent line
. x? y? xX yy
Ellipse 5=l —+5=1L
X2 yr f_)_{__ yYy
Hyperbola —— =L o X =1,
Parabola y:=2px, yY =p (X +x)

255. The Equation of a Normal

The normal at a point M of a curve L (Fig. 250) is the
perpendicular MN to the tangent line MT.
According to Eq. (1), Sec. 254, the equation of the nor-

mal is of the form
AY

(X —x)dx+ (Y —y)dy=0 (1) )
In accordance with Egs. (2) and (3), T
Sec. 254, we obtain the equation of the
normal in the following formulas: A
] e
Y —y=———5 (X—2), @ o N X
X—x)x'"+Y—y)y'=0 Q) Fig. 250

11*
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In an implicit representation of the curve L we equate
the differentials of both sides of the equation and elimi-
nate dx and dy by means of ().

Example 1. Find the equation of the normal to the para-

bola y=-x* at the point (—2, 2)

We have y'=x=—2; according to (2) the desired
equation is

Y —2=— (X +2)

Example 2. The equation of the normal to the cycloid

x=a (t—sint), y=a(l—cost) (4)
(Sec. 253) is, according to (3), of the form
(X —x) (1— cos f) + (¥ —y) sin t =0 )
or, utilizing (4),
X (l—cost)+Ysint—at (I —cos £)=0 (6)

This equation is satisfied for X —=atf, Y =0; hence, the nor-
mal passes (see Fig. 248) through the point N (af, 0) of the
generating circle.

Example 3. Find the equation of the normal to the ellipse

x2 y!
= T =1

Differentiating, we obtain

d d
xuzx + yb}y —0 @)

Eliminating the differentials from (7) and (1), we get

(X-x)y_(Y-y)x
b2 ~— a2

256. Higher-Order Derivatives

Let f'(x) be a derivative of the function f(x); then the
derivative of the function f’ (x) is called the second derivative
of the function f(x) and is denoted by f” (x).

The second derivative is also called a second-order deri-
vative. In contrast, the function [’ (x) is called a first-order
derivative, or the first derivative.

A derivative of the second derivative is called the third
derivative of the function f (x) (or the third-order derivative).
It is denoted by f''' (x).
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In similar manner we define the derivatives of the fourth
order fV (x), fifth order fV (x) and so forth (numbers are used
instead of dashes to save space and Roman numerals are
used to avoid confusion with exponents).

A derivative of the nth order is symbolized by f" (x).

If a function is denoted by a single letter, say y, then
its successive derivatives are denoted by

y', Yy, y'", ylv, yv, ...,y

Example 1. Find the successive derivatives of the function
[ (x)=x3.

Solution. [’ (x)=4x3, [ (x)=(4x3)'=12x2, f""' (x)=24x,
fIV (x)=24, [V (x)=0.
Subsequent derivatives are also equal to zero.

Example 2. If y=sinx, then

y’=cos x=sin (x-{—%), y'=—sin x=sin (x+mn),

. 3 .
y''' = —cos x=sin (x-{—T“), ee. , YW =sin (x-{—n%)

The values of the derivatives for a given value of the
argument x=—a are denoted by [’ (a), f"(a), f'''(a), etc.
In Example 1 we have ' (2)=32, /" (2)=48 and so forth.

Example 3. If f (x)=In (14x), then

T = P )= — e, [ () =
Fo)=vgz.1 (x)—_(l+x)2 o (x)'_(l+x)' ’
1-2-3 (=Hr+? (n-1)1
V@)= —2, .., [ (=1
Consequently,

[0)=0, ['@O)=1, ["O)=—1, " (0)=2,
fiVO0)=—3l, ..., [ 0)=(—1)2+1(a—1)

257. Mechanical Meaning of the Second Derlvative

Let a point be in rectilinear motion. Covering a distance
s in time ¢, it acquires a velocity v. Let this velocity change,
the increment during the time interval (¢, {4 Af) being Av.

Then the ratio % yields the change in velocity per (aver-

age) unit of time and is called the average acceleration. This
relation describes the rate of change of the velocity at time
t the more precisely, the smaller A¢ is. Therefore, the acce-
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leration (at time #) is the limit of the ratio 2= as At -0,

Al
that is, the derivative -Z—;’.' But the velocity v itself is a
derivative: —d—s-. Therefore, acceleration is the second deriva-

dt
tive of the distance with respect to the time.
Example. The motion of an undamped oscillation of a
membrane is given by the equation
s=a sin—Q-;‘—t (1)
(T is the period of oscillation, a is the amplitude, and s is
the deviation of a point of the membrane from the position

of rest).
The rate of motion is

s __2na 2t

v=s"==5C0s (2
The acceleration is
” —4“2(1 . 2“‘
v'=§"=—p0m—sin 4 (3)
Comparing (2) and (3) we see that
" 42
§"=——55 § 4)

thus, the elastic force of oscillation (it is proportional to the accelera-
tion by Newton’s second law) is proportional to the deviation and
has opposite direction.

258. Higher-Order Differentlals

Let us consider a number of equidistant values of an
argument:

x, x+Ax, x+2Ax, x+3Ax, ...
and the corresponding values of the function:

y=[(x), y1=Ffx+Ax), y.=[(x+2Ax),
y3=f (x+3Ax), ceo o
We introduce the notations

Ay=f (x4 Ax)—[ (x),
Ay, =F (x+2Ax)—f (x+ Ax),
Ay, =f (x4 3Ax)—[ (x +2Ax)
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etc. The quantities Ay, Ay,, Ay, ... are called the first
differences of the function f(x). The second differences are the
quantities Ay;—Ay, Ays;—Ay;, etc. They are denoted by
A%y (read: delta two y), A?y,, etc.

A%y =Ay,— Ay,
Ay, =Ay,— Ay,

The third differences are defined similarly: A3y—=A2y, —A?y,
etc.

Example 1. Let f(x)=x3 and x=2. The first differences
will be

Ay = (24 Ax)3 —23=12Ax + 6Ax2 + Ax3,
Ayy= (24 2Ax)3— (2+ Ax)3 = 12Ax + 18Ax2 + TAx3,
Ayg=(2+3Ax)3 — (2 +2Ax)3 = 12Ax +30Ax2 + 19Ax3,

The second differences:

Ay—=Ay,—Ay=12Ax2+ 6Ax3,
A2y1 == Ayz— Ayl = 12Ax2 + 12Ax3,

The third differences:
A3y =A%y, — A2y —=06Ax3,

For an infinitesimal Ax, the first difference is, as a rule,
of first order with respect to Ax, the second difference is of
second order, the third, of third order, etc.

In Sec. 228 we called the principal term of the first
difference (12Ax in Example 1) the differential of the func-
tion. We will now call it the first differential. The second
differential is then the principal term of the second diffe-
rence; it is proportional to Ax? (12Ax% in Example 1); the
third differential is the principal term of the third difference,
which term is proportional to Ax® (6Ax® in Example 1), etc.
Let us formulate this exactly. ‘

Definition. Let the second difference A2y of the functipn
y=f (x) be split up into a sum of two terms:

A2y —=BAx? 48

where B is independent of Ax and the term B is of higher
order of smallness with respect to Ax2. Then the term B Ax?
is called the second differential of the function y and is



HIGHER MATHEMATICS 47

denoted by d2y or d?f (x). The differentials of higher orders
are defined in similar fashion.

Theorem 1. The coefficient B of Ax? in the expression
of the second differential is equal to the second derivative
f”éx). The coefficient C of Ax3 in the expression of the third
difterential C Ax3 is equal to the third derivative [’’’ (x), etc.

Example 2. If f(x)=x3 then f”(x)=6x. Accordingly,
d? (x3)=6x Ax2. For x=2 we have d? (x3)=12Ax? (cf. Exam-
ple 1). Further, f""' (x)=6 (for any value of x); accordingly,
d3 (x3) =6Ax3.

Theorem 1 may be formulated differently as follows.

Theorem 1a. A differential of the nth order is equal to
the product of the nth derivative by the nth power of the
increment of the independent variable:

d" f (x) =" (x) Ax" (1)
Since for the independent variable we have
Ax=dx
it follows that
dn f (x):f(n) (x) dxn 1) (2)
Example 3. d (x8) = 4x3 dx, d? (x4) = 12x2 dx2, d3 (x4)==24x dx3,
dd (x8) =24dx4, db(x%) =0, db (x4)=d7 (x8)=... =0 (cf. Sec.

256, Example 1).
Example 4. d” (sin x) =sin (x+ n —;—) dx® (cf. Sec. 256,
Example 2).
Theorem 2. If we consider the differential dx of the argument x as
a quantity independent of x, then the second differential of the fum
ction f (x) is equal to the differentia! of its first differential:
d (df (x))=d?*f (x) (3)

Under the same condition, the third differential is the differential of
the second, etc,

1) If x is not an independent variable, then formula (I) does not,
as a rule, hold for any value of n, even for n=1 (cf. Sec. 234). But
in this case, even formula (2), which is always true for n=1, does

not, as a rule, hold for differentials of higher order (n=2, 3, ...). In
o.the;' words, the expressions f” (x) dx2, f”* (x) dx®, ... are not inva-
riant.

Thus, if f(x)=x3, then the expression 6x dx® represents d? (x3)
when x is an_independent variable. But if we put x=f2 and take ?
instead of x for the independent variable, then [ (x)=¢* and we fret
6x dx*=24¢* dt?, whereas d?f (x)=30¢4 di¢2.
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Example 5. Let f (x)=x¢* We have d} (x)=4x3 dx. If we consider dx
as independent of x, then it must be regarded as a constant when
differentiating. Hence, d (4x3 dx)=d (4x3) dx=12x2 dx2. But this is the
second differential of the function x* (Example 3). Then d{d? (x3)]|=
=d (12x2 dx?)=d (12x?) dx?=24x dx3; this is the third differential of x*,
etc.

The second differential of a linear function of an indepen-
dent variable is equal to zero:

d? (ax - b) =0

In particular, the second differential of the independent
variable is zero: d2x=0.
The third differential of a quadratic function is zero:

a3 (ax? 4+ bx+¢c)=0

Generally, the (n-+ 1)th diflerential of a polynomial of
degree n is zero.

259. Expressing Higher Derivatives
in Terms of Differentlals

The expression of a second derivative in terms of differen-
tialsV is of the form

dx d?y—~dy d®x
y” = dx3 (l)

It holds for any choice of the argument.
If we take x for the argument (then d2x=0), it follows

that
. d?
= @)

T dx?

This expression also follows from (2), Sec. 258 (for n=2).
The following expressions are a consequence of the same

formula:

d“y d‘y _ d"y
y,,,=-‘§’ ’ ylv =(-14\_"- y ee ey y(n)——-d—xi (3)
ay’ . ,_4dy . . .
1) We have y"=a-x- , Ssubstitute y =7z ID differentiating apply

Theorem 2, Sec. 258.
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provided that x is the independent variable. Their general
expressions are complicated.?)
Note. A derivative of the nth order is frequently denoted

by%;f{ irrespective of which quantity is taken as the argu-

ment. But one cannot substitute, into this expression, expres-
sions of the variables y and x in terms of a parameter.

260. Higher Derivatives
of Functions Represented Parametrically

Let y be a function of x given by the equations

x=¢ (), y=F® ()

The derivatives of first and second orders are found from
the formulas 2

PR i 03
V=v® @)

n @ () )=F () 9" (1)
y = [0 (OF 3)

The expressions of subsequent derivatives are involved;®
when the functions f (f) and ¢ (f) are given, the computation
is more simply carried out step by step, as in the following
example.

Example. Let

x=acost, y=bsint
Then (cf. Sec. 252, Example 2)
y'=d (bsin t):d (a cos t)=— -% cot ¢

L4

1) We have y"'=‘2—ux-; substitute expression (1). The result is

most conveniently given in the form
dx d
y'= [dx Y

d3x d3y
Subsequent expressions are still more complicated.

?) Formula (3) is derived like formul~ (1), Sec. 259, and may be
obtained from the latter by replacing th. differentials by the corres-
ponding derivatives with respect to the parameter.

3) See footnote 1.

-3d%x

dx dy ]'dx° s
d%x d’yl ) (4)
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Further
b

y"'=d (———a—cott):d(a cos f) = — b

a? sin3 ¢’
b 3bcos ¢

rrr — e B —_—
Y =d ( a? sin? ¢ > rd (a cos t) a’d sin® ¢

and so forth.

261. Higher Derlvatives of Implicit Functions

In order to find the successive derivatives of a function y
(of an argument x) given implicitly by some equation, one
has to differentiate this equation successively, i. e. equate the
differentials (or derivatives) of the right and left sides. We
obtain a series of equalities; from the first we find the exp-
ression of y in terms of x and y, the second (taking into
account the expression of y’ that was found) yields the expres-
sion of y” in terms of x and y, the third (taking into account
the expressions of y’, y”) yields y’’’, etc. Simplifications are
possible in special cases.

Example. Find the derivatives, up to third order, of the
function y=F (x) given by the equation

x% 4 y2=25 (1)
and determine the values of these derivatives at the point
3, 4).

Solution. Equating the differentials, we obtain
xdx+ydy=0 2)
whence

x+yy'=0 (2a)
Equating the differentials of both sides of (2a), we get

dx+y' dy-+yy" dx=0 6))
whence
1 4+y*4yy"=0 (3a)
We differentiate once again
2y’ dy’+y" dy+yy'"’ dx=0 4
whence
Y'Yy +yy'"' =0 (4a)

From (2a) we get
y'=— ()
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From (3a) we get y'=— l+yy'2; taking into account (5),
we have
//__x2+U2
y - y3 (6)
From (4a), taking into account (5) and (6), we get
rre__ —3x (x4 y?)
y''=— (7)
Substituting x=3, y=4 into (5), (6) and (7), we get
’ ¢ " ___ 25 rre ___ ?25
y=—73 ¥Y="% Y T Toos

Note 1. Here the computation may be simplified. By virtue of
the equation x%+ y*=25, formula (6) takes the form y"=—-i—§ From

d 25)_75 . 75x

this == (33 = _Iox

=Y Y

Note 2. There is no need to derive (3a) from (3), (4a) from (4),
etc. The derivatives may be taken at once. However, a preliminary
calculation of the differentials is a guarantee against certain mistakes
common to beginners (for the derivative of y’2, they write 2y’ in place
of 2y’y” and so on; cf. Sec. 238, Note).

262. Leibniz Rule

In order to form the expression of the nth derivative of
the product uv (with respect to any argument), expand (u+-v)"
by the binomial theorem (Newton’s) and in the expansion
obtained replace all powers by derivatives of the appropriate
order, zero powers (u®=1v°=1) that are assumed in the ex-
treme terms of the expansion being replaced by the functions
themselves. .

By this rule we get

(wv)' =u'v4uw’, )]
(wv)" =u"v+2u'v' 4w’ (2)
(uv)lll=ulllv+3ullvl+3ulvll+uvllf’ (3)

(wo)'® =u™y 4 nu'n—1y’ —|—ﬂ-?—._71l un=2y"4 ...

e (n-”k'l‘ =kt D) -yt 4 uo (4)
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263. Rolle’s Theorem V

Theorem. Let a function f(x), differentiable in a closed
interval (a, b), vanish at the end-points of the interval. Then
the derivative f’(x) will vanish at least once inside the
interval.

Fig. 251 Fig. 252

In Fig 251, between the points x=a and x=>b, where
the curve of the function f(x) cuts the x-axis, there are
three points L, M and N where the tangent is parallel to
the x-axis [i. e. f" (x)=0].

In Fig. 252, between x=a and x=b there is not a single point
with “horizontal” tangent. The reason is that at the point C the graph
has no tangent, i. e. the function f (x) is not differentiable at the
point x=c (there are two one-sided derivatives here, Sec. 231).

Note 1. 1i a differentiable function f (x) has the same values at
x=a and x=b, even though not equal to zero, then the derivative
f* (x) still vanishes in the interior of the interval (a, b).

Note 2. Rolle’s theorem also holds true even in the case when
f (x) is differentiable only at interior points of the interval (a, b); at
the end-points, the function f (x) may not be differentiable but only
continuous.

Rolle’s theorem is ordinarily stated for these most general condi-
tions; this complicates the statement of the theorem and makes it
difficult to grasp the basic content. Later on (Secs. 264, 266, 283) we
will state the conditions of a number of theorems under less than the
most general assumptions (which are given as notes)

1) M. Rolle (1652—-1719), a contemporary of Newton and Leib-
niz, considered differential calculus to be logically inconsistent and,
naturally, could not have stated “Rolle’s theorem”. Rolle stated an
algebraic theorem from which follows the consequence: if a and b are
roots of the equation x"+p1x""‘+pzx"—2+...+pn_1x+pn=0. then bet-
ween a and b there is a root of the equation nx"—14(n—-1) pyx"—2+
+...+pn—,=0. This proposition is a special case of “Rolle’s theorem”
(the left side of the second equation is the derivative of the left side
of the first equation). Hence the name (historically inaccurate) “Rol-
le’s theorem?”.
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Mechanical interpretation. Let f(#) be the distance of a
point at time ¢ from an initial position. Then f(b)—f (a) is
the distance covered from time ¢{=a to time {=b, the ratio

f(__bbLE%(a_) is the average velocity during this interval of time.
The Lagrange theorem asserts that at some intermediate
time the velocity of the point is equal to the average (mean)
velocity of motion provided that at each instant the point

has a definite velocity.

The theorem may not hold if this condition is not fulfilled. For
example, if a point moves the first hour at 20 metres an hour, and
the second at 30 m/hr, then the mean velocity of motion is 25 m/hr;
the point did not have that velocity once during the two hours. The

theorem was violated because at the
AY end of the first hour the point did not
B have a definite velocity.

An alternative statement of the
Lagrange theorem. The equation

’ b)-

b-a

Qn-—----

)
]
a5 ¢ %  (if the conditions of the theorem
are fulfilled) has at least one root
Fig. 255 x=%t within the interior of the
interval (a, b).

The position of this root (or roots) depends on the type
of function f(x). If it is a quadratic function (and the graph
isa parabola; Fig. 255), we obtain a first-degree equation;
its root lies precisely at the midpoint of (a, b), or
b=

For other functions, this property is only approximately fulfilled;
namely, if a has a constant value and b tends to a, then one of the
roots, as a rule, ) tends to the midpoint of the interval (a, b), i. e.

lim g:-—‘;:% as b -»a.
Example 1. Let f(x)=x2 Then f'(§)=2§. Formula (1)

takes the form
b’_al

b—a =2t

1) Actually, the transition from 20 m/hr to 30 m/hr ordinarily
takes Klace gradually, not instantaneouslﬁ. and then there is an ins-
tant when the velocity is equal to 25 m/hr. )

t) The only exceptions are cases when the second derivative {” (a)
is zero or does not exist.
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whence
g_d"' b
— 2

i e. t lies exactly at the midpoint of the interval (a, b).
Example 2. Let [ (x)=x3, then [’ (x)=3x2. Take a=10,
b=12. We then have
FO)-f @) _ a6,

b—a

According to Lagrange’s theorem, the equation 3x2=2364
should have a root between 10 and 12. Indeed, its positive

root x='|/ 121.;_ ~ 11.015 lies in the interval (10, 12) and,
what is more, very close to the midpoint.

Note. The Lagrange theorem also holds true when the function
f (x) is differentiable only at interior points of tie interval (a, b)
(being nondifferentiable and only continuous at the end-points).

265. Formula of Finlte Increments

Formula (1), Sec. 264, may be rewritten as

f)—Ff@=Ff §) (b—a) (1)
or, in other notation,

fla+mn—f@=Ff g h (2)
This is the formula of finite increments, which is also
written as

fla+h)=f@+F Eh @)

Application to approximate calculations. In Sec. 248 we
employed the approximate formula

flat+h) = f@~+F (a)h (4)

to compute f%a—f—h). The exact formula (3) enables us (though

the value of £ is unknown) to estimate the error in formula
(4). Now if we put §=%—b- in formula (3), then as a rule
(cf. Sec. 264) it yields a_ much better approximation than (4),
though it ceases to be exact.

Example. Find log 101 without using tables.
Assuming f (x)=log x, we have f’ (x)=i:1- (M = 0.43429).
For a=100 and A= 1, formula (4) yields

log 101 & log 1004 M5+ 1 = 2.0043429 ©)
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To estimate the error, use the exact formula (3). This
yields

log 101 = log 100+M-%.l (6)

Here, £ lies between 100 and 101, so that —é— > llTl.The
1 1

error of formula (9) is Mll—ﬁ_?

1 [\, . o
less than M (1—0—5—1-0_1'>’ that is to say, it is less than

0.00004. Such is the limiting error of formula (5) (the true
error is half that).

But if in formula (6) we put &:—;-(100'—{—101)_—_—100.5,
then we get

log 101 = log 100 - M -0.00995025- 1 =2.0043213  (7)

Here only the last digit is incorrect; its true value is greater
by unity.

Corollaries to formula (1). From the definition of a deri-
vative it follows directly that the derivative of a constant is
zero. A consequence of formula (1) is the following inverse
theorem.

Theorem 1. If in an interval (m, n) the derivative [’ (x)
is everywhere equal to zero, then in this interval the function
f(x) is a constant [i. e. for any values (a, b) in this interval V
the values of the function f(x) are the same].

and this is definitely

Explanation. By hypothesis, the function f (x) is ditferentiable in
the interval (m, n) and all the more so in the interval (a, b). Hence,
we can apply to it (Sec. 264) formula (1). In (1) we have to put
f* (8)=0 (by hypothesis). This yields f(b)=F (a).

From Theorem 1 there follows directly

Theorem 2. 1f the derivatives of two functions f(x) and
@ (x) are everywhere equal in an interval (m, n), then in
this interval the values of both functions differ by a constant
quantity.

1) By hypothesis, the function f(x) is defined throughout the
interval (m, n), otherwise it would not have a derivative ever where.
If, conlrary to hypothesis, f (x) is defined at all points of (m, n)
except, say, two points x=k and x=I(k < /), then it may turn out
that the function is constant only in each of the (open) intervals
}m, k), (k, 1) and (I, n) separately, but changes its value when passing
rom one to another (see Examples 1| and 2, Sec. 247a).
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266. Generalized Mean-Value Theorem (Cauchy)

Cauchy’s theorem.!) Let the derivatives [’ (¢) and @’ (f) of two
functions f (f) and ¢ (¢), differentiable in a closed interval (a, b), not
be simultaneously zero anywhere in the interior of the interval. Also
let one of the functions f (f), @ (f) have distinct values at the end-
points of the interval [say ¢ (a) % ¢ (b)]). Then the increments f (b)-
—f (a) and ¢ (b)—-@ (a) of the given functions are to each other as their
derl'ivatiges at some interior point ¢t=1 (Greek letter tau) .of the inter-
val (a, b):

f)y=fay _ F (1)
Q(b)-0(a) ~ ¢ (1)

Lagrange’s formula [formula (1), Sec. 264] is a special case of
formula (1) when @ (¢)=¢.
Geometrical interpretation. Same as for Lagrange’s theorem, only

the curve ACB (Fig. 256) is given by the
parametric equations Ay V.

x=@ (£), y=f (@)
We have ' T

OA’=¢@ (a), OB’=¢ (b)
AA’=f(a). BB’'=f(b)

(1)

Ne_iAv

. f)y-f@ . A

The ratio CEIT) is the slope of AV N X
the chord AB, the ratio Fa _ dy Fig. 256

¢’ (f) dx
is the slope of the tangent NT.

In Fig. 256, the tangent NT is parallel to the chord AB, the
point N lies on the arc AB (but its projection N’ on the x-axis does
not lie on the segment A’B’; the same goes for the projection on the
y-axis).

Note 1. If, contrary to hypothesis, we had f (a)=f (b) and @ (a)=
=@ (b), then the left side of (1) would be indeterminate.

Note 2. The Cauchy theorem requires that f* (£) and @’ (¢) should
not be zero simultaneously in the interior of the interval (a, b), but
at one of the end-points (or at both) they can simultaneously be zero
(or even not exist, so long as f (x) and ¢ (x) are continuous at both
end-points).

Example 1. Consider the functions

f(¢)=¢t* and @ (¢)=1¢*
in the interval (0, 2). At the end-point {=0, the derivatives
[’ (£)=3¢% and ¢’ (¢)=2¢
vanish, but both are nonzero in the interior of the interval. Each of

the functions f (¢), ¢ (¢) has distinct values at the end-points #=0 and
t=2. The conditions of the Cauchy theorem are fulfilled. Hence the

1) Cauchy, Augustin-Louis (1789-1857), celebrated French mathe-
matician and physicist. Cauchy posed the problem of constructing
mathematical analysis on a rigorous logical basis. In the main, he
solved this problem.
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ratio

f-f@ _ F-FO _ 23

¢ b)y-9 (@ ©¢(2)-9(0) 22

must be equal to the ratio
fr(t) 3t

o) 2t
at some point f=§t lying between a=0 and b=2. Indeed, the equation

3
- t=2

has a root t=-?;- , which lies in the interior of the interval (0, 2).
Example 2. Consider the same functions f (£)=t® and @ (f)=¢t% in

?f the interval (—l-%—, 2). For a=-l-%-.b=2
04 we have
f(b)-F (a) _b-"—a:’_b’+ab+az 13

o (0)—@ (a) bt—a?”  b+a 2

5t The equation

13
t==5

tolcp

’ 1
0 5 X has a unique root {=4 5 but it is exterior

A to the interval (—l—l2-. 2 Y. The Cauchy

theorem did not hold because the point ¢=0,
where both derivatives f’ (f), ¢’ (¢) are equal
to zero, now lies inside the interval (a, b).
Geometrically, the picture is as follows: the
"70'{ parametric equations x=1t*, y=t3 describe a se-

micubical parabola AOB (Fig. 257); to the

Fig. 257 values a=-1 4, b=2 there correspond points

3
A2 -%— -3 s and B (4, 8). On the arc AOB of the curve x=1(2,
y=13 (semicubical parabola) there are no points where the tangent
could be parallel to the chord AB (such a point exists outside the
arc AB above point B).
Mechanical interprefation. Let ¢ be the time and

sp=F (1)
and P
st(p (t)
be the distances of two rectilinearly moving bodies P and Q from their
initial positions. Then f* (t) and ¢’ (f) are the velocities Up and v, of
the bodies P and Q. By the hypothesis of the Cauchy theorem, vp
and 0 are not zero simultaneously. The theorem states that the
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distances covered by the bodies in the time interval (a, b) are to one
another as the velocities at some intermediate instant !) (the same for
both bodies).

267. Evaluating the Indeterminate Form %

If some function is not defined at a point x=a, but has
a limit as x — a, then finding this limit is called evaluating
the indeterminate form. In particular, evaluating the inde-

terminate form — is the name for finding the limit of the

0
ratio i((?) when the functions f (x), ¢ (x) are infinitesimal
as x —a.
L’Hespital’s rule.? To find the limit of the ratio (fpg; of

two functions which are infinitesimal as x—a (or as
x — o), we can consider the ratio of their derivatives (fp((i;
If it tends to a limit (finite or infinite), then the ratio %)

Q (x)
also tends to that limit.®

1) Let us explain this pictorially. Suppos: during the time inter-
val (a, b) body P covers twice the distance tl at Q does (sP=2s )y If

both motions are uniform, then at any inteimediate time we have
vp=2v . Now let one of the motions (or both of them) be nonuni-

form. "It cannot be that, always, vp > 2v,, (for then the distance

covered by P would exceed that covered by Q by more than a factor
of two). Likewise, it is impossible that, always Up < 20,. Therefore,

if at first Up exceeds 2v,, then later v, is less than 2v, (and vice
versa). Hence, at some intermediate time we must have that v,,=2v .
At that time we have v,iv,,=s,:s,, because by hypothesis the case
when vp=U =0 is excluded (for then the ratio vP:vQ would be inde-

terminate).

2) L°*Hospital (1661-1704), author of the first printed manual on
differential calculus (1696) where the rule is formulated (but less rigo-
rously than as given here). In compiling this manual, 1’"Hospital made
use of the manuscript of his teacher John Bernoulli. This rule is men-
tioned in the manuscript and so the name “I’Hospital’s rule” is his-
torically inaccurate.

3) In the statement of the rule, the requirement is ordinarily
included that the derivative ¢’ (x) be nonzero in some neighbourhood
of the point x=a. This requirement is superfluous since the rule itself
states that the ratio (fp,(i) has a limit as x — g, and by virtue of
the definition of limit (Sec. 205) this is only possible when ¢’ (x) =0
near x =a.
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Example 1. Evaluate lim ﬁf-:—l-
1% -1

The functions f (x)=x2—1 and @ (x)=x3—1 are infinite-

simal as x — 1. Consider the ratio [ (o) 2x It approaches
@’ (x) 3x*

the limit %— as x —> 1. According to the I’'Hospital rule,

x2-1
x;!

tends to the same limit. Indeed,

. xt-1 .. (x=1) (x+1) . x+1 _i
leml x3—1 _;IL 1 (x--1)(x2+x+l)_xl_,l x4x+1" 3
[f not only the functions f(x), @ (x), but also their deri-
vatives f’ (x), @’ (x) are infinitesimal as x — a, then one can
again apply the I'Hospital rule in order to find the limit of
[ (x)
@ (x)
Example 2. Evaluate lim
x -1

x3=-3x+2
x3—x2—-x+1"°

The numerator and denominator are infinitesimal. By the
I’Hospital rule

lim x3-3x+2 —1im 3x2-3
P x"-x’—x+l—_x_,l 3x2-2x~-1

Here the numerator and denominator are again infinitesimals.
Apply the I'Hospital rule once again:

=lim =
x—-1 6x-2

3xz-3
Im —=

3
2

eP—e—T-2x
X~-sin x

Example 3. Find lim

x-0
Using the I’'Hospital rule successively, we twice get a
ratio of infinitesimals:

fPx) e®+e=T=2 ["(x)__eTee”?
@ (x)_  1-cosx ' @"(x)” sinx

The third time we obtain the ratio

frrax)  eX e %
@’’’ (x) cosx
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It has the limit 2 as x — 0. Hence,

lim £ f=2%_ g
£ 0 x-sin x

Note 1. Theoretically, the possibility is not precluded that all
derivatives of both functions f (x), @ (x) will be infinitesimals. Such
cases do not occur in real-world problems.

It is useful to combine the application of 1'Hospital’s
rule with transformations that facilitate finding the limit.

Example 4. Find lim _ta"s;;;lnx
X -
Following the I'Hospital rule, we seek the limit of the
ratio

f(x) costx ~ cos x

¢’ (x) 3sin?xcosx

Here, ' (x) and ¢’ (x”) are infinitesimals, but it is not advi-

sable to seek limu—)- It is better to transform F () to

asx -0

x-09 (®° 9’ (x)
1 ~cos? x . .
the form 3 sm:x_ <osiz and, noting that xh-I»no (cos®x)=1, to
seek lim 122X By 'Hospital’s rule, this limit is equal to

20 3 sin? x

. 1 1
= lim — cos x=—

. 2 °
lim 3 cos® x-sin x 5 .
x-+0

£ =0 6 sin x-cos x

From the very start we can replace sin®x with the equi-
valent infinitesimal x3. Then

. - . - . - 3

lim tan ,‘r .sln x= lim tanxasln x= lim 1 ’cos’x —
—_ lim l—cos’x
_x—»o 3x?

Using the I’'Hospital rule again, we get

2 . @1 R
lim 3 cost x smx=Lllm sin x=_l_
X0 6x 2x—»0 X 2

Note 2. It may happen that the ratio fp,((x:) does not tend to any
f(x)

limit as x + a (or as x - ®). In such cases, the ratio ) may like-
wise have no limit, but on the other hand it may have one. Thus, if
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f’ (x)

x)=x+sin x and =x, th th ti
f (x) nd @ (x)=x en era ow,(x)

mit as x—+ . However, the ratio

=1+4cos x has no li-

F(x) x+sinx sin x
= =1+
@ (x) x x

approaches unity as x » .

268. Evaluating the Indeterminate Form %

L’Hospital’s rule (Sec. 267) also holds true for the ratio

*,D((ft)) of two functions which are infinitely great as x -a (or

as x -+ o).

Example 1. Evaluate limllx,f.
X > ®
The functions f(x)=Inx and ¢ (x)=x? become infinite as
I

x - oo. The ratio f',((‘;: = ; tends to the limit 0 as x - <.
In x M ) *
— tends to the same limit.

Note. 1f f(x) and ¢ (x) have infinite limits as x - a, then the
limits of f’ (x) and @’ (x) (if they exist) are al?o lt)lfmlte, and I'Hospi-
’ (x
" (x)
?more convenient form in simpler fashion than the expression
(x)

tal’s rule is useful only when the expression can be reduced to

Q(x)’
Example 2. Evaluate lim tan 3x .
tan x
x>

The functions tan 3x and tan x and also their derivatives —3——
cos? 3x

l, become infinite as x - z Representing the ratio of the
cos?® x 2
cos x

derivati in the form 3 cosx \* we seek lim
erivatives (cos 3x) * gy O 3x
X =» o=—

and

(now the

numerator and denominator are infinitely small). Applying the rule

of Sec. 267, we get lim COSX _ i ~sin x
gt €08 3x

X = X L
2 ~ 72

Consequ-

1
—3 sin 3x 3
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ently,
2
tim tan 3x=3‘_ __'l_ ==—,l-
n tanx 3 3

X > —

But the original expression is more readily transformed to a con-
tan 3x_ cot x so that

venient form. Namely, TR

tan 3x__ . cot x . sin? 3x 1

lim = lim = lim ———=—
tan x q cot 3x g 3sin?2 x 3
X > — X - — X > —

2 2 2

269. Other Indeterminate Expressions

l. Indeterminate form 0-c0, i.e. the product f(x)o (x)

where f(x) - 0 and ¢ (x) > o. This expression may be redu-

ced to the form A or — :
0 oS

1
f(x)
and then the I'Hospital rule can be employed.

Example 1. Find lim x cot = .
x—-0 2

F ) @ ) =F (0): 5 = @ (0):

We transform xcot-;— —x : tan % and find

x—-»0 2 x>0 2 cos?

limx cot —= lim [1:———'——] =2

Example 2. Find lim x*Inx.

x->0
We have
lim x4 In x= lim [ln x:—l;‘-]: lim —l-:-—f]—;o
x-0 x—-»0 x x-0 X ud

11. Indeterminate form o —oo, i.e. the difference of two
functions each of which has the limit 4o (or the limit

—o). This expression is also reduced to the form 0 or—:—.

0
: | 2
Example 3. Evaluate lemO —x———m] .

Reduce the fractions to a common denominator; the desi-

red quantity is lim i

_ ., i.e. we have the indeterminate
x -+ 0

x(et+1)
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form —g— . Since lim (e¥*41)=2, it follows that

x=-0
. 1 2 | . et~ 1 1 . e i
lim ————-.—-—]=— lim —— Iim —=—
x>0 X X (e*+1) 2x—>0 X 2 x-Ol 2

I11. Indeterminate forms 09, o°, 1%, i.e. functions of the
form f(x)®*), where limf(x)=0 and lime(x)=0 or
lim f (x)= o0, lim @ (x)=0 or limf (x)=1, lim @ (x)=1co0.

Here we first seek the limit of the logarithm of the given
function. In all three cases, we obtain an indeterminate form
like 0-c0.

Example 4. Evaluate lim x* (indeterminate form 09).

x-0
Assuming y=x*, we have In y=x In x. Further,

lim In y= lim <lnx:-—]—) = lim (—l-: —-%) =0
x-+0 x-0 x x>0\ 7% x
Whence
lim y=1
x>0
1

Example 5. Evaluate lim (1 4-2x) * (indeterminate form oo?).
X —> ®

1
Assuming y=(1+2x)* , we have Iny=-l—ln (142x).

Further,
. . In(1+4+2x) . 2
lim In y= lim —— = lim 5;

X—> @ X =+ ® X+ ®

=0

Hence, lim y=1.
X—>®

Example 6. Evaluate lim (tan x)tan 2 (indeterminate

x>
4
form 1%).
We have
i i . In ta
lim Iny= lim tan2xIn tanx= lim mtan x __
cot 2x
x_,_ﬂ', x-..i‘. x—b_n.
4 4 J
i R . 2
= lim (sin xcos x °  sin? 2x ) =—1

X n
— —
4
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Hence

tan 2x=

lim (tan x) e~}

x> —

4

270. Taylor’s Formula (Historical Background)

1. Newton and infinite series. In order to find the deri-
vative of a given function and, mainly, to solve the inverse
problem, Newton replaced the given function by an infinite
power series, i.e. the expression

ay+ax+ agx?+asx®+ ... +a,x+4... (1)

with the number of terms increasing without bound. The
coefficients ay, a,;, a,, ... were taken so that expression (1)

yielded more exact values of the function as the number of
terms was increased. Thus, Newton replaced the function
T+l} by the expression 1 —x++x2—x34 ... 4 (—1)nxn4 ...
and wrote:?
1
1+x

=1l—x4x2—x34+... (2)

If |x|] <1, then the terms 1, —x, x2, ... form an infi-
nite decreasing geometric progression, and the sum is equal

to -l%t But if |x|=1, then the sum 1—x-4x2—x34 ...

...+ (—1)7x7, as n — oo, does not tend to -l—:—x Taking
into account this circumstance, Newton always confined him-
self to sufficiently small values of «x.

1) The present section serves as an introduction to Secs. 271
and 272; the latter may be read independently.

!) The expansion (2) is obtained if to the quotient 1:(1+x) we
apply the rule for dividing polynomials arranged in increasing po-
wers. Prior to Newton, formula (2) was used by N. Mercator (in 1665)

in the computation of logarithms [the derivative of In (1+x) is equal

to ﬁl_i] Mercator confined the infinite series expansion to this

single case. In the hands of Newton it became a general method.
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In expanding functions in infinite series, Newton made
use of a variety of devices. Thus, Newton took the formula

m(m-1) m(m-1)(m-2)

(1—|—x)"‘=l—|—mx—|—-—T—2—x2—|- 9.3 x34...3)

which had earlier been established by Pascal V' for positive
integral m, and applied it to fractional and negative values
of m. Then the number of terms increases without bound.
For m=—1 we get formula (2), for m=—2 we have ?

1
(1+ x)?

=1 —2x+3x2—4x34... (4)

In order to find the derivative of -l-:l;, Newton diffe-

rentiated the expression (2) termwise. 3 A comparison with

(4) shows that
1y 1
[m] = T (T+n? ©)

2. Taylor’s series. In 1715 Taylor, # using a complicated
and extremely nonrigorous method, found a general form of
expression (1) for the given function f (x). In present-day
notation, the result is of the form

1= + Q% 4 L0 Bl s @

(=1) n!
(1 +x)n+1?

Thus, if |(¥) = ——, then [ (x)=

T Hence,

)
f(0)=1 and HALIIT) . (— )7 so that formula (6) yields the

nl

expansion (2). If 1 (x) = ('Tll_ﬁ we get the expansion (4).

1) Blaise Pascal (1623-1662), celebrated French philosopher,
mathematician and physicist.

*) Realizing that his derivations were not rigorous, Newton veri-
fied them by means of examples. Thus, performing termwise multip-
lication of (1 —x+x3=x3+...)X(l=x+x2—x2+...), he found 1-2x+3x%-
—4x*+... and in this way checked formula (4).

8) Newton did not know that the theorem on the derivative of a
sum might prove invalid for a boundlessly increasing number of terms.
Incidentally, for a series like (IL this theorem (given sufficiently
small values of x) holds true, so there were no mistakes.

N 4) Brook Taylor (1685-1731), English mathematician, pupil of
ewton.
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3. Maclaurin’s derivation. Thirty years later, Maclaurin?

gave the following simple derivation of Taylor’s formula.
He considered the equality

[ (X)=ay+ayx+asx?+agx®taxt+. .. (7)

and, desiring to determine the coefficients aq, a;, a;, ...,
he found by successive differentiation

[ (x) =ay+2a,x+3asx%2+4ax3+ ... ..,
[ (x)= 2a, +2-3a3x 4+ 3-4a,x2+ . . ., 8)
" (x) = 2-3a;+2-3-4a,x+ ...,
Putting x=0 into (7) and (8), he obtained successively?)
’ ” O ”r 0
o= (), ay=F"(0),ay = LD, = =2 ete.  (9)

4. Taylor’s series in the general form. The following
formula is derived in the same manner:

fo=F @+ 52 x—a) + 52 x—a2+... (10

It gives the expansion of the function in powers of (x—a).
This formula was also known to Taylor; actually, it adds
nothing new to (6).

Thus, for the function f(x)=In x, for a=1, formula (10) yields
x—1 _ (x-1)2 4 (x-1)3 _ (x—1)4
1 2 3 3
f?udt it we take the function f (x)=In (1 +x). then by formula (6) we

n

+ ... (11)

Inx =

x'.’
Putting 1+x=2, we obtain the formula
2-1 _ (z-1)2 + (2—-1)3 _ (2—1)4
1 2 3 4

which differs from (11) solely in notation.

+ oo (13)

Inz =

1) Maclaurin, Colin (1698-1746), English mathematician; the
power series (6) is now (without sufficient grounds) known as Macla-
urin’s series.

2) If one proves the validity of the termwise differentiation ot
series (7), then Maclaurin’s derivation flawlessly proves the following
theorem: if f (x) is expanded in the series (7), then the coefficients
ae, 4d,, @p, ... are expressed by formulas (9). However, there are fun-
ctions which cannot be expanded in the series (7) [although their
derivatives f’ (0), f” (0), ... exist]. An instance of such a function is
given in the last footnote of this section.
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9. Remainder of Taylor’s series. The functions which were
known in the 18th century permit expansion in the Taylor
series (10) (for any values of a, except those for which the
function or one of its derivatives becomes infinite). Proceeding
from their restricted experience, the mathematicians of the
18th century did not doubt that any continuous function
could be expanded in a Taylor series. However, the need
was felt for a precise estimate of the error which formula (10)

yields if it is terminated at the term -L(-'%a)(x—a)".

In 1799, Lagrange derived for the “remainder of the Tay-
lor series”, i.e. for the difference R,

f(n) (@)

R,,=f<x)—[f(a)+...+—,,.—<x——a)"] (14)
the following expression:

(n+1)
Rn___f_(m(!ﬁ (x—@a)n+D) (15)

Here, § is some number between a and «x.

The proof of Lagrange presumed the expansibility of the
function f(x) in a Taylor series. ) A quarter of a century
later Cauchy proved formula (15) without that assumption;
he also gave an alternative expression for the remainder. It
became possible, from the expression of the remainder, to
judge the expansibility of the function in a Taylor series:

if lim R, =0, then the function f (x) can be expanded in a Taylor
n-—->o

series, otherwise it cannot. Cauchy gave the first example
of a function?® which, though it possesses all derivatives
at a point x=a, cannot be expanded in the series (10) in
powers of x—a (these functions are of no practical value).

1) Lagrange even groved that such an expansion is possible for any
continuous function, but the proof was unsatisfactory.

2
%) This function is given by the formula f (x)=e *" under the
additional condition f(0)=0 (for x=0 the formula becomes meaning-
less). The function f(x) has derivatives of any order at x=0. They
are all zero at this point so the right side of (10) is identically zero
However, f (x) does not vanish anywhere except at x=0.
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271. Taylor’s Formula V)

Theorem. If a function f(x) has derivatives up to the
(n+1)th order inclusive ® in a closed interval (a, b) then

fO=f @+52b0—a+52 6—ap+...

f(n) (@) f(n+l) (
R e+ LB o—arr )

where § is some number between a and b.
Formula (1) is callec} Taylor’s formula.
(n+1
The last term L(ETT)—:‘E—)(b—a)("“’ is called Lagrange's
form of the remainder® and yields a precise expression for
the difference R, between f(b) and expression

’(a ” (a (n) a
f@+52 —a+52 0—ar+ ...+ D p—ap
(“Taylor’s polynomial”):
(n) a
Ri=fO)—[f@+...+ L@ p—a) | =
f(n+l)(§)
=18 p__gyr+1 @

(n+1)!

Taylor’s formula establishes that Eq. (1), in which & is
taken as the unknown, has at least one solution4 between
a and b (cf. Sec. 264).

When a is regarded as a constant and b as a variable,
then x is written in place of b:

, (n)
Fo=f@+52 w—a)+... + LDz _gpnt
i ,(n+1) (E) (x—-a)""" (3)
(n+ 12!
For a=0 we obtain the so-called ® “Maclaurin formula”

’ (0 (n) 0 (n+1)
f(x)=f(0)+f—l(,'—)'x+...—|—,—’;-l(—lxn+_f_(7+_l_;(lﬁxn+l (4)

1) It is advisable to read Sec. 270 first.

) The (n+1)th derivative may not exist at the end-points of the
interval; the main thing is that the ath derivative be continuous not
only at interior points but at the end-points of the interval as well.

3) Unlike other forms of the remainder.

) For fixed values of a and b, the quantity § varies, as a rule,
with n.

§) Cf. Sec. 270, Item 3.
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Example. Apply formula (4), for n=2, to the function
i(x)=-l—}n-. We have

’ -1 ” 2 ree -6
@)=z O =gz " ®O= G355
Hence
[’ (0) f”(0) £ () 1
FO =1 9q-=—1 ZHr=+1 —5 =g
Formula (4) takes the form
1 x3
Trr— =¥+ — g ()

Here, & lies between zero and x. It is important to note that
the formula holds true only when x > —1. In this.case, the

condition of the theorem is fulfilled: the. function L has

1+
all derivatives in the closed interval (0, x). *
Solving (5) for &, we find

b=y THx—1, E=— )/ TFz—1 (6)

It is easy to verify that for x > —1 the first root §;
indeed lies between zero and x.

Now if x<<—1, then the condition
of the theorem is not fulfilled, because

the function T% does not have deri-

vatives at the point —1, and this point

either lies inside the interval (0, x)

(if x < —1) or coincides with its end-
point (if x=—1).

Formula (5) becomes incorrect: for

Fig. 258 x=—1, the left side is meaningless,

for x < —1, Eq. (5) has imaginary roots.

Note. For n=0, Tayler’'s formula (2) [in which w2 have

to write f (@) in place of f (g)] yields the formula of finite

increments (Sec. 265

f©)—F(a)=[" §) (b—a) Q)
For n=1 we get
FO)—f @—F (@) b—a)=C"E (6—a)? (8)

or, in other notations,
[ e+ Ax)—[ ()] —F (1) Ax =1 axe (8a)
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This formula yields an expression for the difference between
the increment in the function and its diflerential (segment
CB in Fig. 258).

If the second derivative [” (x) is continuous for the value of x
under consideration, the difference between the increment in the fun-

ction and its differential is of second order with respect to Ax [when
f” (x) %= 0] or of higher order [when f” (x)=0]. Cf. Sec. 230.

272. Taylor’s Formula for Computing the Values
of a Function

Taylor’s formula frequently permits computing the values
of a function to any degree of accuracy.
Let the following values

f@, I F(a F"(), ...

of the function f(x) and its successive derivatives at the
“initial” point x=—=a be known. It is required to find the
value of the function f (x) for a different value of x.

In many cases it is_sufficient for this purpose to compute
the value of Taylor’s polynomial

fa+ 52 e—a)+ 5P c—ar+ . +

taking two, three, or more terms, depending on the required
degree of accuracy. Of course, in doing :0, we allow for a
certain error R,, which is equal to

ni

(x—a)" (1)

Ru=1 () — [/ @+ (x—a) +
L@ g L@ (g ] @

But it frequently happens that the error R, diminishes without

bound (in absolute value) with increasing number of terms

(i. e. lim R,=0). Then Taylor’s polynomial can yield the
n-—-> o

desired value of f(x) to any degree of accuracy.

The number of terms that ensure the requisite degree of
accuracy is essentially dependent on the distance | x—a| bet-
ween the initial point a and the point x. The greater |x—a|,
the more terms one has to take (see Example 1). Also, we
often find that the approach of R, to zero not only slows
down with increasing distance | x—a|, but even ceases alto-
gether as the increase continues (see Example 2). Then the

121538
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polynomial (1) can be used to compute f(x) only over limited
distances from the initial point.

Thus, we have to be able to answer the following ques-
tions: is the polynomial (1) suitable for computing f(x) at a
given distance | x—a| from the initial point a, and if it is,
then how many terms have to be taken to attain the required
accuracy? It is also important to know whether for all dis-
tances the error R, tends to zero with increasing number of
terms, and if not so for every distance, then where its boun-
dary lies.

Answers to these questions are obtained by applying a
number of artifices. One of them? is based on the theorem
of Sec. 271, which permits representing the error R, in the
form ?

(n+1)
Ry="L s (x—a)n+) (3)
Here, the number § is unknown; the only thing we know is
that & lies between a and x. But even this suffices to eva-
luate the error R, and answer the foregoing questions.

Example 1. Let f(x)=e*. All the derivatives of this fun-
ction are equal to e*. We know the value of e* at the point
x=0 (namely e®=1). We will take this point as the initial
one. The conditions of the theorem of Sec. 271 are fulfilled
for all values of x. In Taylor’s polynomial (1) we must put

a=0, f@=f@=...=f"(a=I 4)
and then it assumes the form
1-|—-llTx—|-§l!-x2+...-|—;lTx" 65)]

Substituting for the value e* the value of the polynomial
(5), we allow for a certain error R,, which is

xﬂ

R,,.—;ex—[1+{,-+§-+ o (6)

Since f*+1V (x)=e*, the error R,, according to formula
(3), may be given as

8

R"=(n+l)l

xn+1 @)

1) This device is not the best, and at times is totally useless. Other
devices are given below (Sec. 401).

2) It is assumed that the function [ (x) satisfies the conditions ol
the theorem of Sec. 271, which is the case in numerous instances of
practical importance.



74 DIFFERENTIAL CALCULUS

The number & lies somew here between zero and x (it depends

both on x and on n). Hence, ¢ lies belween e®=1 and eX.
This is sufficient for evaluating the error.
For example, let it be required to compute the value of

eX for xz%, i. e. to extract the square root of the number e.
1

Since e lies between 2 and 3, it follows that e ? is less than

2 and so e- is most definitely less than 2. From (7) it fol-

9 1 n+1
lows that |R,]| < TESY] <_2-> , i.e.

1

| Rl < Gsyrem ®)

With increasing n, the quantity (—n_+11_)12_"' (limiting error)

tends to zero, and the error R, all the more so tends to
zero. Hence, the polynomial (5), which now takes on the
value

1 2 1 !
I+stoantygst T 9)

is suitable for computing Ve to any degreerof accuracy.

Now let us find out how many terms the sum (9) must
have in order to ensure four-decimal-place accuracy (up to
40.5:10-4). To do this we compute the limiting error

for n=1, 2, 3, and so on: V¥

(n+1)1 2"

] 1

21 2 —

1 I . ]
31 22— 91 2 6 — 924
1 g — |
41 28 — 31 922 '° T 192
] 1 ]
51 2¢ 4] 29 '10"‘1920 ’
1 1 1
61 25 5] 24‘12‘“23040

1 -
We can stop here because 53530 < 0.5-10-¢

') Beginning with the second row of the computation that follows
we resort to a consecutive division by the even numbers 6, 8, 10,
proceeding from the identity

1 1 1
(n+ 1)1 287 2 (n+1) nl2 n=1

12*
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Thus, to ensure an accuracy of 0.5-10-% it is sufficient
for the sum (9) to have six terms. We obtain !

1 — 1.00000,

!
-5 =0.50000,
1

l . —
=4 =0.12500,

l l . —
s = 7 :6=0.02083,

l 1 R ~
4] 24 =737 99 8—000260,

! L 10—
s = st 10=0.00026
T 1.64869

We finally obtain
Ve =1.6487

We thus find that to ensure an accuracy up to 4 0.5-1078,
the sum (9) must have 10 terms because

|Rg| < grgs = 0.55:10-9 < 0.5-10~8
The computation yields

_— 1 1 1
Ve =l+os+sgt - +grgp=164872127
1

Taking 15 terms, it is possible to compute e?® to within
0.5-10-18, etc. The accuracy of the result increases rapidly
with increasing number of terms.

The accuracy increases more slowly if.we compute e* for
larger values of | x|, say for x=1, or for x=—1.

Suppose we take x=1. Then the polynomial (5) takes
the form

1 1 1
I+ S+t tar (10)

and yields an approximate value of the number e. The error
R,, by (7), is

—_ & 3
Rn n+ 1)l (1)

1) Each term is computed to the fifth decimal in order to avoid
an accumulation of errors.
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will tend to zero more slowly still. However, using for-
mula (7) and reasoning as above, we are convinced that the

error R, will tend to zero for any value of x.
Fig. 259 depicts the graph ACB of the function y=e*
and the curves of its

AY y=ez Taylor polynomials
' y=1, y=1+4x,
 y=ltxt g y=l4at
x! xﬂ
t T T%

Example 2. Let
f(x)=1n (1 4x)

As in Example 1, .take
the point x=0 as the
initial point. The condi-
tions of the theorem of Sec.
4 g2 9 971 are fulfilled only for
AY=1+T+5+% x>—1 [for x<<—T1, the
Fig. 259 function In (1 4+ x) becomes

) meaningless]. The conse-
cutive derivatives are expressed as follows:

' ) = e Ly = L
f(x)_m’ f(x)_"_(l_,_x)z’ f (x)_(l+x)3’

1

IV (1) = ( l.+ x)

2.3 _q (n=1)
2! ) f(n)(x)____(__)n 1 (1+x)®

so that (Sec. 256, Example 3) we will have

=0, LP=1, HP=—

0 _ 1 fim (0) o1
e

The Taylor polynomial (1) yields the approximate equality

In(l14+x) = x———-%—xz—{—-%-x?'— R

(- ) nm

Since fin+1) [ln(l—{—x)j:(—m—)mr—,- , the error R, of (14) may,

(D27 n (14)
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by formula (3), be represented in the form
_(=DP s x \n+1
Rn= n+1 (l +§> (15)

where & lies somewhere between zero and x.
Let us, for example, compute the value of In (1 4x) for
x=—0.1. We obtain the approximate equality

1 1 1

Its error is
1 0.1 \n+1
Ri=— 74 (%)

Since & lies between zero and —0.1, it follows that 1 4+ > 0.9.

1 0.1\ n+1
Hence | R, | <n+—l(m) or

IRl <szr ()" (17)

The limiting error obviously approaches zero with increa-
sing n, i.e. formula (16) is capable of yielding In0.9 to any
degree of accuracy. Thus, to ensure an accuracy up to 0.5-10-4
we have to take n—=4, and we get

In0.9 ~ — [0. 1+ 5-+0.01 4 -0.001 4-=--0.0001 ] ~— 0.1054

In the same way we can convince ourselves that formula

(14) always holds if —%<x<l. 1) But as |x| increases,

the error R, tends to zero more slowly. This approach is
weakest of all when x=1. Then formula (14) yields

1 1 1
In2 ~ l—-é-+-3_._,,,_|_(_1)n-1 -

For example, to ensure an accuracy up to 0.5-10-4, we
have to take 19999 terms.

And if x is just the slightest bit more than unity, the
error does not tend to zero at all; on the contrary, | R, |
increases without bound with increasing n.

1) It also holds for all x between —1 and — -%- , but expression (15)
does not convince us of this fact
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Fig. 260 depicts the graphs of the function y=In(14x)
(the curve ACB) and of the first three Taylor polynomials.

Fig. 260

273. Increase and Decrease of a Functlon

Definition 1. A function f (x) is called an increasing func-
tion at a point x=a if, in a sufficiently small neighbour-
hood, values of x greater than a are associated with values
v of f (x) greater than f (@), and smal-
A

ler values correspond to smaller va-
v
e
M
: .
m

reasing function at a point x=a if,
in a sufficiently small neighbour-
hood of this point, values of x
greater than a are associated with
values of f(x) smaller than f (a),
Fig. 261 and smaller values are associated

' with greater values.

Example 1. The function depicted in Fig. 261 increases
at the point x=a because to the right of A the points of
the curve lie above A and to the left, below A. Here we
consider only those points of the curve whose ordinates are
sufficiently close to the ordinate aA; in the given instance,
these are the points which do not go beyond the limits of
the arc KL. Outside this arc the relation no longer holds:

oint C lies to the right of A but below it, U lies to the
eft, but above it.

lues.
A function f (x) is called a dec-
|
10
a

b SR,
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The same function is decreasing at the point x=d because
in a sufficiently close neighbourhood of D the points of the
curve to the right lie below D, those to the left lie above D.

The function is also decreasing at the point x=c.

At the points x=b, x=¢, x==m the function is neither
increasing nor decreasing (at x=»5 it has a maximum, at
x=e and x=m a minimum; Sec. 275).

Definition 2. A function is called increasing in an inter-
val (a, b) if it is increasing at every point within the inter-
val (but not necessarily at the end-points).

A function decreasing in an interval (a, b) is similarly
defined.

Example 2. The function shown in Fig. 261 is decreasing
in the interval (I, d) because it is decreasing at every point
within the interval (and at its end-points as well). The same
furiction is also decreasing in the interval (b, e) because it
is decreasing at all interior points of the interval (but at
the end-points b and e the function is not decreasing). In the
interval (m, b) the function is increasing; in the interval
(a, d) it is neither an increasing nor a decreasing function.
Now if we split up the interval into two parts: (a, b) and
(b, d), then in the former the function is increasing and in
the latter it is decreasing.

If the function is increasing in the interval (a, b), then
in that interval a greater value of the argument is always
associated with a greater value of the function; conversely,
if in the interval (a, b) a greater value of the argument is
always associated with a greater value of the function, then
the function is increasing in (a, b). V

If the function is decreasing in the interval (a, b), then
a greater value of the argument is always associated with
a smaller value of the function, and vice versa.

Geometrically, in those intervals in which the function
is increasing its curve (rightward motion) rises; in intervals
where the function is decreasing, the curve drops (cf.
Example 2).

Definitlon 3. A function which in a given interval is increasing
or decreasing is called monofonic (in that interval)

1) This property is often taken as a definition of a function increas-
ing irc1l an interval. A function decreasing in an interval is similarly
defined.
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274. Tests for the Increase and Decrease of a Functlon at a l;olnt

Sufficiency test. If the derivative f’(x) is positive at a
point x=a, then the function f (x) at this point is increasing,
if it is negative, then the function is decreasing.

Geometrically, if the slope of the tangent MT (Fig. 262)
is positive, then near M the curve lies above the point M

Ay

Y
o
x

Fig. 262 Fig. 263

to the right and below it to the left; if the slope is negative
(Fig. 263), then near M the curve lies below M to the right
and above M to the left.

Note. 1f f’(a)=0, then for x=a the function may be
increasing (point N in Fig. 262); it may be decreasing too

Ay 2
I'\g
c | H
0 '
1 2\ X
0 X
Flg.-264 Fig. 265

(point L in Fig. 263). But as a rule, the function will not
(for x=a) be either decreasing or increasing (points B and C

in Fig. 264). Ways of distinguishing these cases are indicated
in Secs. 278 and 279.

Example 1. The function y=x—;—x2 (Fig. 265) is incre-

asing at the point x=0, because y’=1—x=1 > 0. The same
function is decreasing at the point x=2 where y'=—1 < 0.
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At x=1, where y'=0, the function is neither decreasing
nor increasing.

Necessity test. If the function [ (x) is increasing at the
point x=a, then its derivativel at this point is positive
(as at point M in Fig. 262) or is equal to
zero (as at point N in Fig. 262):

7 (@) =0 ¢z I

Similarly for a decreasing function;
its derivative is negative or zero at the !
point x=a: '

f' @) <0 o

Example 2. The function y=x3 (Fig.
266) is increasing at every point. I[ts
derivative y’=3x% is positive everywhere
except at the point x=0, where y"=0. Fig. 266

274a. Tests for the Increase and Decrease
of a Function in an Interval

Sufficiency test. If the derivative function f’(x) in an interval
(a, b) is everywhere positive, then the function f (x) in this interval
is increasing; if f’ (x) is everywhere negative, then f(x) is decrea-
sing (cf. Sec. 274).

Note. The test (criterion) also holds true when the derivative
takes on zero values in the interval (a, b) so long as f (x) does not
identically become zero throughout the interval (a, b) or in some
interval (a’, b’) comprising a part of (a, b) [the function f (x) would
be a constant on such an interval].

1
Example. The function y=x——2- x2 (Fig. 265) is increasing in the

interval (0, 1) because the derivative y’=1~-x takes on a zero value
only at the point x=1, whereas at the remaining points of the inter-
val (0, 1) it is positive. The same function is decreasing in the
interval (1, 2) because here the derivative y’ is everywhere negative
except at the point x=1, where y’'=0.

Necessity test. If the function f (x) is increasing in the interval
(a, b), then the derivative ®) f’ (x) is positive or zero in that interval

ff(x)>0foragxgd
The same holds true for a decreasing function:

FFix) <0 fora<gxgb

1) It is assumed that f (x) is differentiable at this point.
l’) Itb is assumed that the function is differentiable in the inter-
val (a, b).
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275. Maxima and Minima

Definition. We say that a function f(x) has a maximum
at a point x=a if, in a sufficiently close neighbourhood of
the point, all values of x (both grealer and smaller than a)
are associated with values of f(x) smaller than f (a).

A function f(x) has a minimum at a point x=a if,
within a sufficiently close neighbourhood of the point, all
values of x are associated with values of f(x) which are
greater than f (a).

This can be stated more succinctly: a function f (x) has
a maximum (minimum) at a point x=a if the value of f(a)
is greater (less) than all neighbouring values.

The generic term for maximum and minimum is extremum
(extreme value).

Example. The function f(x):%x3——x2—|--%- (Fig. 267) has

a maximum at the point x=0 [the point A <0, -;-) is

higher than all neighbouring points]

Y
A C and a minimum at the point x=2
:,7—?T<, 5 /y" [the point B (2, —1) is lower
/ 0 X than all neighbouring points].
Note. In ordinary language,
B the expressions “maximum” and
Flg. 267 “greatest quantity” are synonymous.

In analysis, the term “maximum” has
a narrower meaning: the maximum
of a function need not be its greatest value. Thus, the function

f(x):lTx3—x2+—l§- (see Fig. 267), if considered, say, in the

interval (—1, 4) has a maximum at x=0 -because near this
point [namely, in the interval (—1, 3)] all the values of x
are associated with values of f(x) which are smaller than

f (0), i.e. than —;— (in that interval the graph is located

below the point A). Still, the maximum [ (0) is not the
greatest value of the function in the interval (-—1, 4) because
for x > 3 we have

Fx) >

(the graph to the right of C is located above the point A).
However in the given interval, finding the greatest value of
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the function is closely associated with finding its maxima
(see Sec. 280)

The same remark applies to minima as well.
276. Necessary Condition for a Maximum and a Minimum
Theorem. If a function f(x) has an extremum (a maximum

or a minimum) at a point x=a, then the derivative at this
point is either zero, infinite or does not exist.

N

Fig. 268 Fig. 269 Fig. 270

Geometrically, if a graph has a maximum ordinate at a
point A, then the tangent at this point is either horizontal
(Fig. 267), vertical (Fig. 268) or does not exist (Fig. 269).
The same applies to the minimum ordinate (point B in
Fig. 267, point A in Fig. 270, points B and C in Fig. 269).

pr i

A A Y p
]
— 17 T
ol! a X ol a X
Fig. 271 Flg. 272 Fig. 2738

Note. The condition for an extremum as given in the
theorem is necessary but not sufficient, that is, the derivative
at the point x=a can vanish (Fig. 271), become infinite
(Fig. 272) or not exist (Fig. 273) without the function having
an extremum at that point.
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277. The First Sufficlent Conditlon for a Maximum and a Minimum

Theorem. If, sufficiently close to a point x=a, the deri-
vative f’ (x) is positive on the left of a and negative on the
right of a (Fig. 274), then at the point itself, x=a, the
function f(x) has a maximum provided that f(x) is conti-
nious here. v

Y 2 y
B T N
' L]
0l a X 0 a X
Fig. 274 Fig. 275 ‘

If, on the contrary, the derivative [’ (x) is negative on
the left of a and positive on the right (Fig. 275), then f(x)
gas a )minimum at the point a provided that it is continuous

ere. 2

The theorem states that when f (x) passes from increasing
values to decreasing values, it has a maximum; when it
passes from decreasing to increasing values, it has a minimum.

Note. According to the theorem, the test for an extremum
of a function f(x) is the change of sign of the derivative
f/ (x) when the argument passes through the value x=a under
consideration.

Now, if in passing through x=a the derivative refains
its sign, then f(x) is increasing at the point x—=a when the
derivative is positive both on the right and on the left of
x=a (Figs. 271, 272, 273) and is decreasing when the deri-
vative is negative (Fig. 276). [It is again assumed that f(x)
is continuous at x=a.]

278. Rule for Finding Maxima and Minima

Let a function f (x) be differentiable in an interval (a, b).
In order to find all its maxima and minima in the interval,
it is necessary to:

(1) Solve the equation ' (x)=0 (the roots of this equation
are called the critical ‘values of the argument; among them

1y However, f (x) need not be differentiable at x=a (see Fig. 268).
) However, [ (x) need not be differentiable at x=a (see Fig. 270).
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we have to seek the values of x which yield an extremum
of the function f (x); see Sec. 276).

(2) Investigate, for every critical value x=a, to see wheth-
er the derivative f' (x) changes sign when the argument passes
through this value. 1f [’ (x) passes
from positive values to negative val- Y
ues (when going from x<a to
x > a), then we have a maximum
(Sec. 277), if it goes from negative
values to positive values, then we have
a minimum. !

But if f’ (x) preserves its sign, then 0 a \7’
there is neither maximum nor mini-
mum: for f’(x) >0, the function Fig. 276

f(x) is increasing at the point a,
for /" (x) <0, it is decreasing (Sec. 277, Note).

Sign of Derivative
Shape of Graph
Near Point a

for x<<alfor x>a

A
+ - Y d \ maximum
- + 4 minimum
A .
+ + / increase
- - \4\ decrease

Note 1. If a function f(x) is continuous in an interval
(a, b), but not differentiable at certain points, then these
points must be classed with the critical points and a similar
investigation must be carried out.

Note 2. The maxima and minima of a continuous function
follow one another in alternation.

Example 1. Find all the maxima and minima of the

function f (x)=x— —;- x2,

Solution. This function is everywhere differentiable (i. e.
it has a finite derivative everywhere) f’ (x)=1—ux.
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(1) Solve the equation 1 —x=0. It has a unique root x=1.

(2) The derivative f’(x)=1—x changes sign as the argument
passes through the value x=1. Namely, for x < 1 the deri-
vative is positive, for x > 1, it is negative. Hence, thc critical
value x=1 yields a maximum. The function has no other
extreme values (see Fig. 265).

Example 2. Find all the maxima and minima of the function

f)=x—1)?(x+1)? (1)

Solution. This function is everywhere differentiable. We
have

Fr=20—1) (1243 (x—1)2 (x4 1)2=
— (1—1) (x4 1)2 (5x—1)
(1) Solve the equation f’(x)=0. Its roots (in increasing
order) are

Xp=—1, xg=—, x3=1 )

_5' ’
(2) Representing the derivative in the form

I 0)=5 (x4 1 (=5 ) x—1) 3)

we investigate each of the critical values.
(a) For x <—1, all three binomials of formula (3) are
negative, so that to the left of x=—1 we have

' (x)=5(=) (=) (—)=+ (4)
Let the argument pass through the value x;=—1, but sup-

pose it has not yet reached the next critical value, xz_——-—;- .

Then the binomial x-+1 is positive, the two other binomials
of (3) remain negative, and we have

FR)=5(+)2(—)(—)=+ ()

Comparing (4) and (5) we see that the derivative does not
change sign (remains positive) when passing through the
critical value x;= —1. Hence there is no extremum at the
point x= —1; here the function f (x) is increasing (Fig. 277).

(b) Investigate the nearest larger critical value x2=-é— .

Sufficiently close on the left (i.e. between x;=—1 and

Xy = é—) the derivative is positive by virtue of (5). Suffici-
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ently close on the right (between xl—-:—; and x2=—|—l)

the second facter is positive and we have

P () =5 (+)2 (+) (—)=— 6)
Comparing (5) and (6) we see that the sign of the deriva-

tive changes from plus to minus when passing through x2=—;-

[the function f(x) passes from inc-
reasing values to decreasing values].
Hence the function has a maxi-

mum at the point x=%; it is eq-
ual to -15 i AV
,e(.g)=(_5._1) (?4—1) ~1.1

(c) Investigate the last critical Fig. 277

value, x3=1. Sufficiently close on
the left, the derivative is negative by virtue of (6). To the
right of x=1 we have

PO =5 (+2(+) (+)=+ (7)

When passing through x=1, the derivative changes from mi-
nus to plds [the function f(x) passes from decreasing to in-
creasing values]. Hence at x=1 the function has a minimum,
which is equal to

F()=(1—1)3 (1 4+1p2=0

Example 3. Find all the extrema of the function

fR=@—1) /=

Solution. The given function is differentiable for all posi-
tive and negative values of x and we have

=2
2 x=1) 5 "7 5
3

)=,  f—s—temm—
3 Vx 3 /;-

At the point x=0 the function f(x) is not differentiable
(its derivative is infinite). Therefore (see Note 1) we have two
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| v

critical values: x,==0 and x,—=—+—. For x < 0, we have

-~ o

=)

' (x) =

C.AJ'C."'

For 0 < x < -g— we have

’ __c’__ =) _
Frxn= 3 3/, 7

V+

2
For x > = we have

, 5
P x)== 3(+)_ =+
i/
Hence at the point x=0 the function f(x)=(x—1) f/}_?
has the maximum

F(0)=0
and at the point x—.:%, the minimum
2 3 /4

279. The Second Sufficient Condition
for a Maximum and a Minimum

When it is difficult to distinguish the sign of the deriva-
tive near critical points (Sec. 278), one can use the following
sufficient condition for an extremum:.

Theorem 1. Let the first derivative f' (x) vanish at the
point x=a; if the second derivative f” (a) is then negative,
the function f(x) has a maximum at x=a, if it is positive,
then the function has a minimum. For the case [”(a)=0,
see Theorem 2.

The second condition is related to the first in the following man-
ner. We consider f” (x) as a derivative of f’ (x). The relation f” (a) < 0
means (Sec. 274) that [’ (x) is decreasing at the point x=a. And since
f’ (a)=0, it follows that f’ (x) is positive for x << a and negative for
x > a. Hence (Sec. 277), f (x) has"a maximum at x=a The situation
is similar for the case f” (a) > 0.

Example 1. Find the maxima and minima of the function

f(x) =—;—x4—x2—|—l
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Solution. Solving the equation
[ (x)=2x3—2x=0
we obtain the critical values
x1="-l, x2=0, x3=l

Substituting them into the expression of the second derivative
[ (x)=6x2—2=2 (3x2—1)

Y

we find that 3

["(<=1)>0, f*©0) <0, f(1)>0 T
Hence at x=—1 and x=1 we have a,

minimum, and at x=0 a maximum
(Fig. 278).

It may happen that the second derivative _,__ I —
vanishes together with the first; this can also =2 -f ol t 24
happen with regard to a number of subsequent
derivatives. In such cases one can make use of Fig. 278
the following generalization of Theorem 1.

Theorem 2. If at the point x=a, where the first derivative is zero,
the closest nonzero derivative is of even order, 2%, then the function

} (x) has, at x=a, a maximum when f(zk) (@) <0, and a minimum

when ,(2k) (@) > 0.
Now if the closest nonzero derivative is of odd order, 2k+1, then
the function f (x) does not have an extremum at the point a; it is

increasing when f‘2R*+1) (4y S 0 and is decreasing when f2F+1 (4) < 0.
Note. Theoretically, it is not precluded that at a point x=a all

the derivatives of the function sz (which is not a constant) are equal

to zero. !) However, this case is of no practical significance.
Example 2. Find the maxima and minima of the function

f(x)=sin 3x-=3 sin x
Solution. We have
[’ (x)=3 cos 3x-3 cos x

Solving the equation
3 cos 3x—3 cos x=0

we find

19
x=k -2—

where & is any integer.
Since this function has a period 2n, it is sufficient to investigate
four roots:

n 3n
x,=0, x3=T, X3g=7, x‘=?

!) Such, for instance, is the function considered in the last foot-
note of Sec. 270 (p. 360). -
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Take the second derivative
f? (x)=-=9 sin 3x+3 sin x
Substituting the critical values x;, x,, x5 x, we find

” — ” _E_ —_
 (0)=0, | (2 )42.
f” (vy=0, f” <§2it)=-12

At the point x2=—g- the nearest nonzero derivative is of second

m
(even) order, and f” (-g-) > 0. Hence, it has a minimum at x= 5

Similarly, we conclude that at x=%—n it has a maximum [because

() <]

The extremal values will be

n n )/ _ .
f (-5-> =sin 3 -2—-3 sin —-= - 1-3=-4 (minimum)
f (%):sin%’-‘-&. sin %‘:l-(-3)=4 (maximum)

To investigate the critical values x,=0 and x;=m, let us find the
third derivative

f*’ (x)=—=27 cos 3x+3 cos x
We have

f*r (0)=—-24, [ (m)=+24
At the point x=0 the nearest nonzero derivative is of third (odd)
order, and f’*’ (0) < 0. Hence, at x=0 there is no extremum. Here, the
function f (x) is decreasing. Similarly, we conclude that at x=:1 as well

there is no extremum; but here the function f (x) is increasing [be-
cause '’/ (m) > 0]

280. Finding Greatest and Least Values of a Function

| Suppose that by the conditions of the problem the
argument of a continuous function f (x) varies in an infinite
inlerval, say in the interval (a, 4-00). Then it may happen that
there is no greatest value of the function f (x); see Fig. 279a
where f (x) increases without bound as x — 4 . But if f(x)
has a greatest value, then this value is definitely one of the
extrema of the function; see Fig. 279b, where the greatest
value of the function is f (c).

Now let it be given that the argument x varies in a closed
interval (a, b). Then f (x) definitely assumes a greatest value
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(Sec. 221). However, this value may not belong to the ex{rema,
for it may be attained at one of the end-points of the inter-
val (at point x=b1 in Fig. 279c).

The same goes for the least value.

2. Let it be required to find the greatest (or least) value
of a geometric or physical quantity which obeys definite
conditions (see examples below). Then it is necessary to re-
present the quantity as a function of some argument. From

Y K AY AY
i
|
) |
! 1 |
] V/i] c VX 0lc b X
(@ (6) “ ()
Fig. 279

tke conditions of the problem we determine the range of the
argument. Then we find all the critical values of the argument
lying within this interval and compute the appropriate va-
lues of the function, and also the values of the function at
the end-points of the interval. From the values thus found
we choose the greatest (least).

Note 1. 1t often happens that the argument may be cho-
sen in a variety of ways; a lucky choice can simplify the
solution. Allowance for the peculiarities
of the problem can also simplify the so- .’
lution. A“\%/o T8

For instance, if within a given interval
there is only one critical value of the
argument and, on the basis of some test
(see Secs. 277, 279), it should yield a maximum (minimum),
then even without a comparison with the boundary values of
the function we are justified in conéluding that this maximum
(minimum) is the desired greatest (least) value.

Example 1. In Fig. 280, the segment AB-:==a is divided
into two parts by C; on AC and CB construct the rectangle
ACBD. Find the greatest value of its area S.

Fig. 280

1) If the end-point x=b is not considered, then over the remaining
open interval the function f (x) will not have a greatest value.
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Solution. For the argument x we take the length AC; then
CB=a—x and S=x(a—x)

The argument x of the continuous function S varies in the
interval (0, a)
From the equation
ds

d—x_-a—2x=0
we find the (unique) critical value x.—_—g-. It belongs to the
given interval (0, a). We compute the value of S (-‘2’-) =."{_

and the boundary values of f(0)=0, f(a)=0. Comparing
these three values, we conclude that 34- is the desired great-

est value.
This comparison will not be needed if we note that in the

unique critical point x=-g- the second derivative of the func-

tion S (x) is negative, i.e. (Sec. 279) the function S (x) has a
maximum there.

The variable rectangle ACBD alway, . has one and the same
perimeter (2a). Hence, of all rectangles of a given perimeter
the square has the greatest area.

Note 2. Most convenient of all Is to take for the argument the
distance z from the point C to the midpoint O of the segment AB
(see Fig. 280). Then

AC=AO+OC=%—+2. CB=OB—OC=-;——2

o (3+) (§)-(8)

2
Now there is no need to seek an extremum because (_f‘_) —2? quite

and

2

2

Example 2. Under the conditions of Example | find the least value
of the area S.
Solution. Taking x=AC for the argument, we compare the unique

2
obviously does not exceed <-‘-1-) :

2
extremum —‘;— of the function S=x (a~-x) with Its value (S=0) at
the end-points of the interval x=0 and x=a. We find that zero is the
least value of S [in the closed interval (0, a)]. '
However, for x=0 and x=a we do not have a rectangle in the pro-
per sense of the word (it degenerates into the line segment AB). 1f we
consider only “real” rectangles, then the end-points of the interval
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(0, a) ought to be excluded and then S does not have a least value
[in the open interval (0, a)]

Example 3. Find the least and the greatest values of the
semiperimeter p of a rectangle having a given area S.

Solution. Denote the sides of the rectangle by x, y. It is
given that

xy=3S (1)

(x and y are positive quantities) It is required to find the
least and greatest values of the quantity

p=x+y ()
Take x for the argument; then
p———x—l——f- (3)

The argument x varies in the infinite interval (0, +- o) (the
end-point x=0 is excluded). In this interval the function
p (x) is continuous and has the derivative

dp S

=10 (4)
From the equation

1—5=0 5)

we find the unique (in this interval) critical value
x=V'S
From (4) it is seen that for 0 < x< V'S the derivative

Z—Z is negative and for x > ¥ S it is positive. Hence (Sec. 277)

it has a minimum. Since this minimum is the only one (see
Note 1) it is the least value of the semiperimeter: )

pmt’nz-‘/-_§+_l/s_§‘=2 V*_S- (6)

1) The problem may be solved without finding the extremum.
Equalities (2) and (1) vyield p*=(x+y):=(x-y)*+4xy=(x—-y)*+48S.
Since 4S is a constant and the least value of (x—y)2 is zero (when x=y),
it follows that the least value of p? is 48S; hence, the least value of p is
2V'S

This method is simpler (in that it does not require higher mathe-
matics) and is shorter. But it is based on guesswork, and in that
sense it is more difficult than the general method given above.
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i. e, of all rectangles of a given area S the square

(x=V'S, y=V S) has the smallest semiperimeter

The quantity p does not have a greatest value since the
given interval (0, 4 o) is open.

Example 4. Find the least amount of tin to be used in
making a cylindrical tin can with a volume of two litres
(V =21, the extra material for seams is not taken into account).

Solution. Let the surface of the can be S, the radius of
the base r, the height A. It is required to find the least value
of the quantity

S=2nrh+4-2nr? (7)
provided that
nr2h=V (8)

For the argument it is convenient to take r. From (7) and (8)
we find

S=2 (-‘;’-4— nrz) )

where the argument varies in the interval (0, o). From the
meaning of the problem it is clear that the quantity S reaches
a least value somewhere inside this interval. It is therefore
sufficient to consider the values of the function at the critical

points.
Solve the equation
ds v
a—r=2(",—e+2“’)=° (10)

Its sole root

8/ Vv

corresponds to the least value of S. From (8) and (11) we get

v 3 /av . .
h=—=]/—ﬁ —9r, that is, the height of the can must be

Tr?
equal to the diameter of the base. The least amount of tin
required to make the can is then

Smin=21(rh+rt) =6nr2=3 3/2nV? = 879 cm?

Example 5. (Descartes’ paradox). In 1638 Descartes received
(through M. Mersenne) a letter of Fermat, where Fermat gave without
proof a rule which he had discovered for finding extrema. Translated
into modern language, the Fermat rule reduces to finding the values
\t.vhich mixl;le the derivative f’ (x) of the function f (x) under considera-
ion vanish.
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In a return letter Descartes described the following example which
he believed proved the Fermat rule to be erroneous.
Let there be given a circle

x4+ yt=r? (12)

(Fig. 281) and a point A (-a, 0) distinct from the centre (that is,
a = 0). It is required to find on the circle (12) a point that is closest
to A. The square of the distance of an arbitrary point M (x, y) from
the point A is given as

AM?*=(x+a)*+y? (13)
Now if M lies on the circle (12), then
yr=r2—x?

so that
AM?=(x+a)2+r2—x?
In order to find the value of x which minimizes the quantity AM?,

Descartes followed Fermat's rule and obtained the absurd equality
2a=0

Fig. 281

Yet, geometrically, it is clear that the desired point exists and
coincides with the point P (-r, 0). From this Descartes concluded
that the test for the minimum was incorrect. Actually, the point
P (x=-r) is not revealed for a different reason: the least value of AM?
corresponding to it is nof a minimum. Indeed, x varies only in the
interval (=7, +r). The function at hand assumes its least value at the
end-point of the interval.

Example 6. A group of swimmers strike out from boat A (Fig. 282)
to a point B on the shore. The conditions of the competition allow
part of the distance to be covered by land. The boat stands opposite
pier O at a distance 0A=a=360 metres; the point of destination B is
at a distance of O0B=b=420 metres from the pier. What is the best
result that can be obtained by a participant if he covers 90 metres
per minute swimming and 150 metres per minute running?

Solution. Let the swimmer land at point M, a distance OM=x
from the pier. It will’ suffice to consider the variation of x in the
interval (0, b).1)

The time ¢ (in minutes) spent in covering the distance AMB is

Vat+xz b-x
=—%—*Ts0 (14)

1) It is senseless for-a swimmer to get to the shore outside OB
because it takes longer to swim to B’ than to B and he would have to
run the distance between B’ and B.
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Here, a=360, b=420. It is required to find the least value of the
function ¢ in the interval (0, b).
We have

at _ x 1
dx 90 Vat+ x# 150

(15)

Solving the equation

x 1

- =0
o0 Varssi 150 (o

we find the sole critical value x=—2— a=270 metres. This value lies in
the interval (0, b) under consideration. Since the second derivative

@14 x \____a
dx?” 90 dx (V;m'z' )' 90 Viai+x%)s
at the point x=—%— a (as at all other points) is positive, it follows

(Sec. 279, Theorem 1) that we have a minimum at this point. Since
this is the only minimum (see Note 1), it yields the desired least value
of the function ¢:

3 : 3
2 — ——
‘/a+(4a> b 79

bmin= 90 +*—T50

=6 (minutes)

The path of the swimmer is shown in Fig. 282 by the dashed line.

Example 6a. Solve the same problem as in Example 6 but with
b=420 metres changed to b=225 metres
(Fig. 283).

Solution. 1t suffices to consider the va-
riation of x in the interval (0, 225). Since
the root x=270 of Eq. (16) lies beyond
this interval, the function { now has no
minimum inside the interval. The Ileast
value is assumed at the end-point x=b=

=225. Here,
0| 100 200 300 400 500 Vait ot
at+ Y
Fig. 283 t=—pgp =4 min 43 sec

The swimmer has to swim directly to the finishing point.
Note 3. When solving this Eroblem. we considered, as common
sense suggests. the variation of the argument x of the function

Vaz+x2 b-x
t=—=0 *T50 (14)

(where a=360, b=225) only in the interval (0, 225).

But we could have extended the range of the argument and consi-
dered, say, the interval (0, 325). Then, reasoning as in Example 6,
we would have found that the function (14) has a minimum at x=270
[because this point lies in the interval of interest, is the sole critical
value of the function (14), and minimizes the function].
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From this it would seem possible to conclude that the swimmer
ought to swim to point D, w"ich is at a greater distance than the
finishing point B, but this is 1.anifestly absurd.

The mistake stems from the fact that the function (14) expresses
the dependence of f on x only over the interval OB, whereas on the
segment BC the dependence is expressed by

the formula tt
V mn
at+x* x-b ,
=350 *Ts0 R
(see schematic graph in Fig. 284). i
When x=b both formulas (14) and (14’) g \B/C'-
yield the same value, so that the function S LSS S S S
t (x) is continuous only at x=b, but the 0| 700 200 300 400 500 Xm
derivative ‘-% does not exist at x=b. For Fig. 284

this reason, the point x=0b is now a critical
point of the function ¢ (x) (ci. Sec. 278, Note 1). There are no
other critical points in the interval (0, 325).

281. The Convexity of Plane Curves.
Point of Inflection

A plane curve L is called convex at a point M (Fig. 285)
if in a sufficiently small neighbourhood of M the curve L
lies on one side of the tangent MT (the direction of concavity
of L). The opposite side is called the direction of convexity.

N (L)
(L) )
N A
M !
; =
0 a X
Fig. 285 Fig. 286 Fig. 287

Ii the curve L near the point M lies on both sides of the
tangent MT (Fig. 286), then M is called a point of inflection
of the curve L.

When passing through a point of inflection, convexity
turns to concavity and vice versa.

Let L be given by the equation y=/f (x). If the derivative
f" (x) increases at the point x=—a, then L is concave up
(Fig. 287), if it decreases, then it is concave down (Fig. 288).
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[f lim f(x)=»b’, then the straight line y=b" is an
X—»>—®
asymptote (in the case of recession to infinity on the left;
Fig. 300).
If f(x) does not have a finite limit either as x — 4 oo
or as x — — oo, then the curve y=/f (x) has no asymptotes
parallel to the x-axis.

Fig. 299 Fig. 300

Example 1. Find the asymptotes of the curve y=1-4e*
which are parallel to the x-axis.
Solution The function 1-4-e*, as x — 4 o, does not have
a finite limit [ lim (1 4+e¥)= 4 o] and tends to unity as
X —++®
X — — 00 Therefore, the
by straight line y=1 is an asy-
mptote in the case of reces-
sion leftwards (Fig. 301).

2

1
2 -10 T X

Fig. 301

Example 2. Find the horizontal asymptotes of the curve
y=—arctan x.
Solution. We have

lim arctan x=% , lim arctan x=—%
X—»> +wo X—» —
The straight lines y::g—, y= —g are asymptotes (Fig. 302).

2. Asymptotes parallel to the axis of ordinates. To find the
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vertical asymptotes of a curve y=f(x), it is necessary to
find those values x4, x5, x3, ... of the argument x, where
f (x) has an infinite limit (one:sided or two-sided). The straight
lines x=ux,;, x=x,3, x=xg, ... Wwill be the asymptotes. If
f (x) does not have an infinite limit for any value of x, then
there are no vertical asymptotes.

Example 3. Let us consider the curve y=Inx (Fig. 303).
The function In x has an infinite limit on the right as x — 0

i 1 By
l l
[ |
} |
| ! v
! 12,
_2; ) 7
VN ! '
| [
|
I |
| :
Tyl A
Fig. 303 Fig. 304
lim Inx=-— o). The straight line x=0 (axis of ordi-

x-++0 .
nates) serves as asymptote in the case of recession to infinity
downwards.
Example 4. Find the vertical asymptotes of the curve

2x
Yy=x_4

Solution. The function ;,2_’.‘—4 has an infinite limit as x — 2
and x ——2.
Hence the straight lines
x=2 and x=—2

(AB and A’B’ in Fig. 304) are asymptotes. The straight line
AB serves as asymptote to two branches, UV and KL. Along
the first, the recession to infinity is upwards, along the second,

. 3 :
downwards (because lim ¥ —+w and lim 22X —

x>24+0% —4 x+2-0%' —4

—_—.--oo). Similarly for the straight line A’B’.

13—1538
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Note that the straight line x=0 serves as horizontal
asymptote (for the branches UV and U'V’) (cf. Item 1).

286. Finding Asymptotes Not Parallel
to the Axis of Ordinates

To find the asymptotes of a curve y=/f (x) which are not
parallel to the y-axis, it is necessary first to seek the

lim t—%-)- as x — oo and as x ——oo. If there is no finite
limit in both cases, then there are no asymptotes.

OA/I X

(C)

Fig. 305

But if lim ™ _ . then one must seek lim [f (x) —cx].
X—>+® X—+>+®

If this limit is equal to d, then the straight line y=cx +d

is an asymptote in the case of recession to infinity on the

right. Similarly, if lim f—(xﬂ_—_-c' and lim [f (x)—c'x]=d’,
X—>— O X>—®

then the straight line y=c'x+-d’ is an asymptote in the case

of recession leftwards.

If the quantity f(x)—cx [or f(x)—c'x] has no finite limit
as x — -+ o [as x —— ], then there is no corresponding
asymptote.

The expression f(x)—(cx+d) gives the vertical deviation LM
(Fig. 305) of the given curve from its asymptote AB, the equation of
which is y=cx+d.

1f, as x—»+ o, this expression does not change the plus sign from
some instant onwards, then the point M approaches the asymptote AB
from above (Fig. 305a), if the minus sign, then from below (Fig. 305b).

1) The method described here reveals, for example, horizontal
asymptotes (if they exist). But if we are interested only in horizontal
asymptotes, then it is simpler to use the method of Sec. 285, Item I.
The method given here does not reveal vertical asymptotes.
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If the sign changes, then the point M oscillates about the asymptote

(Fig. 305¢).
The same goes for the asymptote y=c’x+d".

Example 1. Find the asymptotes of the hyperbola

5—4=1 (1)

Solution. Eq. (1) is associated with two single-valued
functions:

y==V -9 )
and
y=—2 V=9 (3)

Consider the first (to it correspond the infinite branches AN
and A’K’, Fig. 306). We have

lim £=2 |jm Y¥-9_2
X—=+m® o 3 X—++® . 3
Furiher,
lim (y—cx)=
X—+4+®
— lim (?_sz_g__ x)=o (=d)
x—++® Fig. 306

Consequently, the straight line y=§—x is an asymptote to
the branch AN.

. 2 y—— 2
The expression y-— (cx+d)=§ Vxiog- 3 X preserves the minus sign

gslx-»+oo. Therefore the branch AN approaches the asymptote from
elow.

Then we find
. y_ 2 )
L
. , ) 2 2
lim (y—c'x)= lim (‘g VIE—9+5x)=0 (=d)
X+ —=® X -0

Thus, the straight line y=—-—§—x is an asymptote of the
branch A’K’.

2 —— 2
The expression — Vx2—9+= x preserves the minus sign as x—» — w.

3 3
Therefore, branch A’K’ also approaches the asymptote from below.

13*
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Investigating the function y_-—_-——% VY ¥2—9 inthis fashion
(to it correspond the branches AK and A’N’), we find that
the straight line y=:3—2x is an asymptote to the branch AK,

and the straight line y=-§—x is an asymptote to the
branch A'N’.

Ay Each of the branches AK, A’N’
agproaches its asymptote from
above.

Example 2. Find all the asy-
mptotes of the curve

T_,—~&
0 X P e
Fig. 307

|

The function f(x)=x:—:l;2—:—:- does not have an infinite
limit for any value of x. Consequently, there are no asymp-
totes parallel to OY. To find asymptotes not parallel to OY,
we first seek

f(x)

eT—e—72 1—e—1®

X+ +® x-»+¢)ea+e * x-o+wl+e :
and then
li — i 2xe—% li 2x —0 —d
im [f (X) —Cxl-—— im m—_ im ?z—ﬁ_— (__ )
X+ 4+ ® X4+ ® X—++®

Consequently, the straight line y=x is the asymptote of the
right infinite branch. Computing the same limits as x —— o0,
we find ¢'=—1, d’ =0, i.e. the left infinite branch has the
asymptote y=— x (Fig. 307).

287. Construction of Graphs (Examples)

| The graph of a function given by the formula y=f(x)

is constructed by plotting points which are then connected
by a smooth curve. However, if the points are taken hapha-
zardly, one can easily make mistakes. !

1) Thus, if we construct the graph of the lunction y=-‘l?—(x+2)’ X

X(x=1)% (see Fig. 308 below) by plotting the points F, B, L, K
‘whlch correspond to the values of the argument —2.5, - 0.8, 0, 1.5),
he graph will be completely wrong on the segment FB.
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In order to draw the graph with extreme accuracy when
only a few points are employed, it is useful first to deter-
mine its characteristic features. To do this, one has to:

1. Establish in what region the function f(x) is defined
and whether it has any discontinuities. Take into account
the sign of f(x) on the right and on the left for every infi-
nite discontinuity; we obtain the vertical asymptotes of the
graph (Sec. 285).

2. Find the first and second derivatives [’ (x), f” (x), and
also determine whether there are any points where f’(x) or
I” (x) is nonexistent.

3. Find all extrema of the function f (x) (Secs. 278 and
279); we obtain the highest points of crests and the lowest
points of troughs.

4. Find all points of inflection (Sec. 283) and the incli-
nation of the tangent line at these points.

5. Establish the existence of horizontal and inclined
asymptotes (Sec. 286) if the range of the argument is infinite.

It is useful to tabulate these findings as they are obtai-
ned (see examples). Transferring them to a coordinate grid
yields a general picture of the graph. A few intermediate
points will suffice to yield a curve of suificient accuracy.

Example 1. Construct the graph of the functionV

f ()= (x+2)? (x—1)?

1. The function is defined and continuous everywhere,

there are no vertical asymptotes.
2. We find

' () = (x+2) (x—1)* (5x+4),
7 (%) = (x — 1) (10x24 16x+ 1)

Both derivatives are finite and exist at all points.
3. To find extrema, solve the equation f’ (x)=0. We find
the critical values

X1=—2, xg=—0.8, x3=1

Enter these values in the table and also enter the cor-
responding values of the function

f)=0, [(xs) = —420. [(xs)=0

) An advisable procedure is to compile a table while reading the
examples.
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!

Put zeros in the y’ column.
It is convenient here to use the second derivative to exa-

mine for extrema, and so we postpone the investigation till

Item 4. |
4. To find the points of inflection, solve the equation

f” (x)=0, which yields the earlier found value x;=1 and,

besides,
xg=— 1.5, x=—0.07

Enter these values and also the corresponding values of the
function and its first derivative:

f(x4)=—2.0, f(x5)=—23,

f () =—55, [ (x5)=4.0

Put zeros in the y” column.

¥4
1
K
Al -1 12 ¥ L
s
ALK o B | kT
-4 =2l | qF 2| _ A X
|| L] e
D\ E //’ 4
L7
\/ i
4 LT N0 | g
B - \
F
Fig. 308 Fig. 309

Determine the sign of f” (x) prior to and after transition
through each of the values -

x=x3, x=x4, x=x5

and enter them in the appropriate places of the table. For
example, in the third row of the y” column the entry —0 4-
signifies that f” (x) changes sign from minus to plus as it
passes through x=x; from left to right. Since the second
derivative changes sign at each of the points xy, x4, x5, we
have an inflection at each of the three points.
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Now determine the signs of f”(x) at the critical points
xy=—2 and x;=— 0.8:

[f(—2)<0, f"(—0.8>0

In the first row of the y” column put a minus sign, and in
the second a plus sign. We have a maximum for x=x, and
a minimum for x=ux,.

5. There are no horizontal or inclined asymptotes because
lim £ = o,

In Fig. 308 we plot the points we have found (A, B, C,
D, E) and indicate the directions of the tangents. Adding
another three points, xg=— 2.5, x,=0, x3=1.5 (F, L, K),
we obtain a rather exact graph of the function.

Number , ” Extremum, Point
of Point x y y Y Inflection Labels
1 2 0 0 - maximum A
2 -0.8 -4.2 0 + minimum B
3 1 0 0 -0+ inflection C
4 -1.5 -2.0| -5.5| -0+ inflection D
5 -0.07}| -2.3 4.0| +0- inflection E
6 -2.5 5.4 | 26 F
7 0 -2 4 L
8 1.5 0.8 5 K

Example 2. Construct the graph of the function y= —,;— &;:;; .

. The function is defined and is continuous everywhere
except at x—=— 1 where it has an infinite discontinuity. The
function has a minus sign both on the right and on the left
of the point of discontinuity (in the column y we write — o).
We obtain the asymptote x—=— 1. Both infinite branches are
directed downwards (Fig. 309).

2. We find
' ___ 1 (x—l)’ (x+5) n__ x-1
¥y=< x+1p Y =12 (x+1)*

Both derivatives exist at all points except at the point of
discontinuity.
3. The equation f’ (x)=0 has two roots:

xl = — 5, x2= l
The corresponding values of y are
Yy1=—=6.75, y,=0




HIGHER MATHEMATICS 111

From the sign of f’ (x) near the critical points (see table be-
low) we see that there is a maximum at the point x=—
and there is no extremum at x=1.

4. The equation y” (x)==0 has a unique root x,=1; the
sign of the second derivative (see table) indicates an inflec-
tion there.

5 We seek inclined asymptotes; we have, as x - o and
as x —»— o0,

. y 1 . 1 ____E_
lim ==, llm<y 2x>- 5

Hence, the straight line yz_—e;— x——-—‘;— serves as asymptote
for two infinite branches.

The right branch lies above the asymptote, the left below, since

the expression y-— <5 x—-—g— preserves the plus sign as x -+ ® and

the minus sign as x - — . Incidentally, this is evident from the draw-
ing too when the points C, D, E, F, K, L are labelled.

Extremum .
Number ' Point
X ’ ” Inflection,
of Point 4 y y Y Discontinuities Labels
1 -1 - discontinuity
2 -5 -6.75] +0- maximum A
3 | 0 +0+ -0+ inflection B
4 -9 -7.81 C
5 -3 —-8.00 D
6 -0.5}-6.75 E
7 0 -0.50 F
8 3 0.25 K
9 9 2.56 L

288. Solutlon of Equations. General Remarks

Algebraic equations of first and second degree are solved
by the familiar formulas of algebra. For equations of third
and fourth degree, the formulas are complicated, and the ge-
neral equation of the fifth degree or a higher degree is not
solvable in terms of radicals. However, both algebraic and
nonalgebraic equations can be solved to the required accu-
racy if rough approximations are first found, which are then
gradually refined.



112 DIFFERENTIAL CALCULUS

A rough solution may be found graphically by one of the
following methods.

First method. To solve an equation f(x)=0 construct a
graph of y={f(x) (see Sec. 287) and read off the abscissas of
those points where the graph intercepts the x-axis.

Example 1. Solve the equation x3—9x2-424x—18=0.

Construct (Fig. 310) the graph of y=x3—9x2-24x—18;
take the abscissas x;=1.3, x,=3, x3=4.7. Substitution will
show that the second root is exact, the first and third are
approximate.

AY
I 2y
J
1 DR
N
Al Ns s Jls_ %
0["‘”" o X o[ ]85 10 NZT [ X

|

Fig. 310 Fig. 311

Second method. The equation f(x)=0 may be given in
the form f; (x)=f, (x), where one of the functions f, (x), f; (x)
is arbitrary. The arbitrariness is utilized so as to be able to
construct the graphs of y=/f, (x) and y=f, (x) in as simple
a manner as possible. Find the points of intersection of the
graphs. Reading off their abscissas, we get approximate values
of the roots of the equation f(x)=0.

Example 2. Solve the equation 3x—cos x—1=0.

Give the equation in the following form:

3x—1=cos x

Construct, as shown in Fig. 311, the graphs of the functions
y=3x—1 and y=cos x. They intersect in one point. Taking
the abscissa, we get the approximate root x,=0.6.

Secs. 289 to 291 indicate th_Eee methods for refining roots. They
require that the desired root x be {solated, i.e. that some interval

(a, b) (interval of isolation) be known to contain x and not to con-
tain any other roots of the equation. The end-points a, b are them-
selves approximate values of the root (in defect and in excess). They
may be found graphically bg' one of the above-indicated methods. The
smaller the interval (a, b), the better.

Example 8. Isolate the roots of the equation x2—9x2+24x-18=0,



HIGHER MATHEMATICS 113

From the ?raph (Fig. 310), if it is a rough sketch, we read off
the interval of isolation (1, 1.5) for the least root. In a more exact
construction we get a smaller interval, say (1.2, 1.4). For the largest
root we get the interval (4.6, 4.8). The root x=3 does not need to be
isolated since it is exact.

Note. There are special methods of solving algebraic equations.
Lobachevsky's method is worthy of particular mention: it permits,
by means of algebraic operations on the coefficients of the equation,
finding all roots, including imaginary ones, to any degree of accuracy.

Lobachevsky’s method does not require separation of roots.

289. Solutlon of Equations. Method of Chords

Suppose a function f(x) has opposite signs at the end-
points of an interval (a, b) (Fig. 312). If f’' (x) preserves

sign? in (a, b), then there is a unique root x of the equa-

?Y
Ay B
(
R a
a2/ o[
o] 1 X !
1 1
1 ]
: ;
A A
Fig. 312 Fig. 3813

tion f (x)=0 within the interval [if f’ (x) changes sign, then
there is also a root, but it may not be the only one].

For the first approximation of the root x take the point
x=x,; where the chord AB (Fig. 313) intersects the x-axis:

(b=a) f (a)
=0T - @ @
or, what is the same, ®
_ (b=a) [ (b)
21=b—T5 @ @

1) This means that on AB the curve of the graph is everywhere
up or everywhere down.
af (b) - bf (a)

f (b)-f (a)
are computationally more convenient.

) In symmetric form x;= , but formulas (1) and (2)
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Then compute f(x;) and take that one of the intervals
(@, xp), (x4, b) at the end-points of which f(x) has opposite
signs [the interval (x,, b) in Fig. 313]). The required root
lies in this interval. Applying a formula similar to (1), we
get the second approximation x,. Continuing the process, we
obtain a sequence x;, x5, ..., X,;, ...; the limit of this

sequence is the required root x.

The following is a practical procedure for determining
the degree of approximation. Let it be required to obtain an
accuracy up to 0.01. We then stop at the approximation «x,
which differs from the preceding one by less than 0.01. Inci-
dentally, it may be (though this is highly improbable) that
the accuracy will prove to be in defect. The guarantee will
be complete if we are convinced that f(x,) and f (x, + 0.01)
have opposite signs.

Example. The function f(x)=x3—2x2—4x—7 has oppo-
site signs at the end-points of the interval (3, 4):

FB)=—10<0, f(4)=9>0

The derivative f’ (x) =3x2—4x—4 preserves the plus sign
over the interval (3, 4). Hence, within (3, 4) there is one
root of the equation

x3—2x2 —4x—7=0
Let us find it to within 0.01. Formula (1) yields

L= 0 —34 13 ~ 3.53

1= 3—5= 70

We now compute
f(3.53) = —2.05

Of the two intervals (3, 3.53) and (3.53, 4) we choose
the second because the signs of f (x) are opposite at the end-

points.
We find the second approximation:
0.47+f (3.53) _ 0.47-2.05
x2=3.53——f @)=f(3.53) ~- 353+—T—1-'Fg——-—362

The value of
f(3.62) =— 0.24

is negative, and so we take the interval (3.62, 4) and find

0.38:0.24

f (3.63) =— 0.04

and
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As the computation proceeds we should expect that x, will
differ from x; by less than 0.01 and that x; yields the desi-
red approximation. Since to obtain a complete guarantee, we
will compute f(3.64) anyway, we will not determine x, and
straight off find

f(3.64)=0.17

The signs of f(3.63) and f(3.64) are opposite, and so xg
is the desired approximation.

Note. The method of chords, like all methods of successive
approximation, “does not fear errors”. an error in an intermediate
computation will automatically be rectified in the next step. But the
final computation must be carried out with extreme care. To avoid
errors in rounding off operations, it is useful to retain extra digits.

290. Solutlon of Equations. Method of Tangents

At the end-points of the interval (a, b) let a function f (x)
have opposite signs (Figs. 314 and 315), and let the deriva-
tives f’'(x), f" (x) preserve sign in the interval (a, b).1 To

:
1
[]
; b
0| a w?\\})?
L B
Fig. 314 Fig. 315

find the root x which lies inside the interval (a, b) (Sec. 289),
do as follows.

At the end of the arc AB where the signs of f(x) and
f* (x) are the same, ®» draw a tangent (BK in Fig. 314, AL
in Fig. 315). For the first approximation of the desired root,

1) That is, on segment AB the curve of the graph is always up or
always down and everywhere concave up or concave down.

2) At the upper end if AB is concave up, and the lower end if AB
is concave down.
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take the point x=ux; D where the tangent crosses the x-axls.
If the tangent is taken at the point x=b, then

Py
xl_b ,I (b) (l)
but if it is taken at x=a, then
x'l:a_ f (a) (2)

[ (a)

In both cases the second approximation is found by the formula
ty—ry— 1421
P (%)
Continuing the process we find, in
succession, Xy, X3, X3,... (Fig. 316)
The sequence has as its limit the req-
uired root x. The degree of approxima-
tion may be determined in the same
way as in the method of chords.
Note 1. 1f a tangent is drawn Flg. 316
at the end of the arc where f(x) and )

f” (x) have opposite signs, then x; may go beyond the
interval (a, b) and thus worsen the approximations (Fig. 317a).

(3)

A Y

. A.
E :\
b
s 3 b‘a'\'b <X
B g*
(@ )
Fig. 317

o

Note 2. If " (x) changes sign in (a, b), then the tangents
at both ends of the arc can cross the x-axis outside the inter-
val (Fig. 317b).

Example. Compute to within 0.01 the root of the equation

f(xX)=x3—2x2—4x—T7=0
which lies (see Example, Sec. 289) in the interval (3, 4).

1) The labels x;, x;, ... are used to distinguish approximations

obtained by the method of tangents from the approximations
X4, X3, ... obtained by the method of chords.
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Solution. We have

f@R)=—10, [(4)=9,
f' (x)=3x2—4x—4, ['(x)=6x—14

Both derivatives preserve the plus sign in the interval
(3, 4). And so we take that end of the interval where f (x) > 0,
i.e. b=4. From formula (1) we find the first approximation:

A N
x1—4—f,—‘4—)—_—4—28 ~ 3.68

Then we find
f(3.68)=1.03, [ (3.68)=2[.9

and from formula (3) we obtain the second approximation:

f(3.68)

%2 =368 = pgT5e)

=3.68—0.047=3.633 (in excess)
Subsequent approximations will be less and less, but as

we. proceed in the computations it may be foreseen that

further refinements of the root will not affect the hundreds

digit. We therefore confine our computations to f(3.633) and
f (3.630). This yields

f (3.633)=0.020, f (3.630)=— 0.042

so that (to an accuracy three times that required) x=3.63.

291. Combined Chord and Tangent Method

Carrying out the conditions of Sec. 290, we see that the
approximations of x, (by the method of chords) and the

approximations of xp (by the method

of tangents) approach the root x from
opposite directions (the former from
the direction of concavity, the latter
from the direction of convexity of the
graph; see Fig. 318). A joint applica-
tion of the two methods yields, at
once, excessive and defective appro-
ximations, and the degree of accuracy
estimated directly.

Let a be that end of the interval
Fig. 318 (a, b) where the signs of f(x) and
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f” (x) are the same. Then by formulas (1), Sec. 289, and (2),
Sec. 290, we find V

. (b-a) [ (a) r - e
=TT —f@ 0 1T R @ (1)

The required root lies between x; and x;. Here f (x) has

the same sign as f”(x;) (see Fig. 318). Hence we can again
use formulas (1) of this section by

substituting x; for @ and x; for b. azly
This yields the second approxima- 1
“tions: , % 2
(=) T (x) » o
x2=xl— ’ ’ 20 N
f(xy)=F ( xl) A
’ 16
’ ’ f( X )
x2:xl——’——,l— /4 )x@
(%) 8 b}
Use the same formulas for com- 4
puting xs, substituting in them x,

for x, and x; for x;, and so on. 7 127 2 3 4 56X

Continuing this process we find x Fig. 319
to the desired degree of accuracy.

Example. Solve the equation 2%¥=4x.

By the second method of Sec. 288, we construct the graphs
of y=2*% and y=4x (Fig. 319). Besides point A, which
yields the exact root x=4, we obtain only one point B of
intersection. Its abscissa x lies between a=0 and b=0.5.

Compute x to within 0.0001. We have
f(x)=2%—4x, ['(x)=2%In2—4, ["(x)=2*%1n22, [(0)=I,
f (0.5) =»— 0.586

In the interval (0, 0.5) the first derivative preserves the
minus sign, 2 the second derivative, the plus sign. To com-

pute x;, take the end-point a=0 because the signs of [ (x)

1) For the case when the signs of f (x) and [” (x) are the same at
the end-point b the second formula is replaced by the formula

r
n=b—55

*) From the figure it is clear that in the interval (0, 0.5) the
inclination of y=2% |s less than that of the graph y=4x.
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and [” (x) there are the same. We find

. th-a)f(a) __ 0.5-1 ,
Xy = 0= 058641 ~ 0.316 (in excess)

‘ f(a) 1 _ 1 ~ .
xl—a—f,—(‘;)-————m-——m ~ 0.302 (m defect)

Using five-place tables of logarithms, we obtain

f (0.302) =0.0249, ' (0.302) =—3.14544,
f (0.316) =—0.0191

This yields the second approximations:

. ____0.014.f(0.302) _
£2=0.302— 7 537orm Fro-30m; = 0-302 + 0.0079=0.3099

(in excess)

’ 0.302 .
xl=o.302—%0—%.—_—0.302+0.0079=0.3099 (in defect)

The required root x lies in the interval (xa, x,) and the-

refore x=0.3099 at least to within 0.5.10—4. Actually the
accuracy is still greater (using seven-place tables of logarithms,

we obtain, for the same values of x,, x;, the following boun-
daries of x: 0.30990 and 0.30991).
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